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EMBEDDING FACTORIZATIONS

ANNA JOHNSEN
72 Pages

Let V' be a set of n vertices for some n € N and let E be a collection of h-subsets of V.
Then G = (V, E) is an h-unifrom hypergraph and we refer to V' as its vertex set and to F
as its edge set. We say that G is complete and denote it by K if every h-subset of V is
contained in E. If every edge in E' is repeated A times, we say G is A-fold. Specifically,
MK is the complete A-fold n-vertex h-uniform hypergraph with an edge set containing A
copies of every h-subset of V. In this case, we denote the edge set by F(AK").

Let r = (r1,79,...,7%) for some ry,79,...,7 € N. An r-factorization of A\K" is a
partition of E(AK") into subsets F}, ..., F} such that all elements of V are included at
least once in F; and are included exactly r; times in F; for all 7 € {1,...,k}. Each such
subset Fj is called an r;-factor. A partial r-factorization of AK! is a partition of E(AK")
into Fy,..., Fy such that each vertex in V(AK") is included at most r; times in each color
class F; for i € {1,...,k}. Two vertices are adjacent in a hypergraph if some edge in the
hypergraph contains both vertices. An r;-factor F; is connected if for any arbitrary pair of
vertices x,y € V, there is some sequence of vertices x, wy, ws, ...,y with each consecutive
pair adjacent in Fj. In this case, we say that F; consists of only one component. If we
assign some color i to every h-subset in E(AK") for i € {1,... k}, we call this a k-coloring
of AK". An r-factorization of AK" is a k-coloring of E(AK") such that edges of each color
i€ {l,...,k} induce an r;-factor.

Let r = (r1,ro,...,7y) and let s = (s1, 89, ..., s;) where 75, s; € N for all
ie{l,...,q},j €{1,...,k}. Motivated by an embedding problem of Peter Cameron and
the work of many others, we show that for n > hm, the obvious necessary conditions that

ensure that an r-factorization of AK" can be extended to an s-factorization of AK" are



also sufficient. For n > hm, we also establish the necessary and sufficient conditions under
which an r-factorization of AK" can be extended to a connected s-factorization of NK".
For n > (h —1)(2m — 1), we find necessary and sufficient conditions under which a
partial r-factorization of AK" can be extended to an r-factorization of AK" in which each
r;-factor is connected. We also prove a similar result extending a given partition of any

sub-hypergraph G of AK" to a connected r-factorization of AK".

KEYWORDS: r-factorizations, embedding, edge-coloring, hypergraphs, amalgamation,

detachment
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CHAPTER [: INTRODUCTION

I.1 Definitions and Notation

A hypergraph G is a vertex set V(G) paired with an edge set F(G) containing subsets of
the vertex set. All hypergraphs in this paper are h-uniform; that is, |e| = h for all

e € E(G). We write G := K" if G is the complete n-vertex h-uniform hypergraph whose
edge set F(G) is the collection of all h-subsets of the vertex set. The degree of a vertex

v € V(G), denoted by deg(v), is the number of edges e € E(G) such that v € e. In this
thesis, we allow multiple edges. The multiplicity of an edge e, denoted by mult(e), is the
number of times e occurs in F(G). In particular, in AK" each h-subset of V(AK") occurs
A times, so mult(e) = X for all edges e € E(AK"). The degree of a vertex v € V(G),
denoted by deg(v), is the number of occurrences of the vertex v in edges in E(G). If the
degree of every vertex in V(G) is exactly r, then G is r-regular.

A k-coloring of G is a mapping f : E(G) — [k] where [k] := {1,...,k}. We may also
consider such a coloring as a partition of G into color classes G(j) each induced by edges
with color j for j € [k]. An r-factor is a spanning r-regular subhypergraph of G; that is, a
subhypergraph of G which spans all vertices in V(G) and in which the degree of every
vertex is r. For r = (rq,...,rg), an r-factorization of G is a k-coloring of G where for

J € [k], G(j) induces an r;-factor of G and a partial r-factorization of G is a k-coloring of G
where for j € [k], G(j) induces a spanning subhypergraph of G in which the degree of each
vertex is at most r;. An (partial) r-factorization is an (partial) r-factorization with
r=(r,...,r). A partial 1-factorization is often called a proper coloring.

Given a 1-factorization of K", if you think of the set V of vertices as the set of points, the
set E of edges as the set of lines, and 1-factors as parallel classes, then for every point

v € V and for each line ¢ in F, there is exactly another line ¢ which is parallel to ¢ (that is,
contained in the same parallel class as ¢) and contains v. Hence, a 1-factorization is
sometimes called a parallelism.

A vertex v in a connected hypergraph G is a cut vertex if there exist two non-trivial



sub-hypergraphs I, J of G such that TUJ =G, V(INJ)={v},and E(INJ)=2. A
sub-hypergraph W of a hypergraph G is an v-wing of G if (i) W is non-trivial and
connected, (ii) v is not a cut vertex of W, and (iii) no edge in E(G)\E(W) is incident with
a vertex in V(W)\{v}. A v-wing W is large if V(W) # {v}, and is small if V(W) = {v}.
Let w,(G), and wX(G) be the number of v-wings, and the number of large v-wings in G,

respectively. Let ¢(G) denote the number of components of G.

Example: Hypergraph G with cut vertex v, w,(G) = 6, and wk(G) = 2.

g v-wings in G

: v S
N

e

v
We say that a hypergraph G is connected if it consists of only one component. Equivalently,
G is connected if for any arbitrary pair of vertices z,y € V(G), there is some sequence of
vertices z, wy, wa, ...,y € V(G) such that each consecutive pair of vertices is adjacent in G.
Note that a 1-factor in hA-uniform G with more than h vertices is not connected. Thus, if an
r;-factor in G is connected (and |V(G)| > h), then we must have that r; > 2. Moreover, if a
component of a color class of AK”, is r;-regular, then there is no way to extend it to a

connected r;-factor in AK!.

1.2 Problem Statement and Motivation
In this thesis we find:

1. conditions that ensure an r-factorization of K¢ can be extended to an s-factorization

of K§

2. conditions that ensure an r := (ry,...,r,)-factorization of AK" can be extended to



an s := (sq, ..., sy)-factorization of AK",

3. conditions that ensure a partial r := (rq, ..., r)-factorization of AK” can be

extended to an r-factorization of AK", and

4. conditions that ensure a partial r := (rq, ..., rg)-factorization of any subhypergraph

of AK" can be extended to an r-factorization of AK".

We are particularly interested to complete our extensions in such a way that each color
class is connected and we identify the conditions under which this is possible.

The main source of interest in these problems dates back to an 18th century problem of
Sylvester [12] which asked for a 1-factorization of K. Another source of interest is

non-associative algebra and design theory. In 1945, Hall proved the following result.

Theorem 1.2.1 (Hall, 1945, [18]). Given a rectangle of n —r rows and n columns such that
each of the numbers 1,2,...,n occurs once in every row and no number occurs twice in any

column, there exist v rows which may be added to the given rectangle to form a Latin square.

Nearly seventy years ago, Ryser generalized this result and found the necessary and
sufficient conditions that ensure an r x s Latin rectangle can be embedded into an n x n

Latin square.

Theorem 1.2.2 (Ryser, 1951, [29] Theorem 2). Let T' be an r X s Latin rectangle based
upon the integers 1,2,... ,n. Let N(i) denote the number of times that the integer i occurs

inT. A necessary and sufficient condition for T to be extended to an n X n Latin square is

that for each i € {1,2,...,n},

N(@)>r+s—n.

In graph theoretic terms, this is equivalent to finding the necessary and sufficient
conditions under which a proper edge-coloring of the complete bipartite graph K, s can be

extended to a a one-factorization of K, .



In 1960, Evans proved the following further result.

Theorem 1.2.3 (Evans, 1960, Theorem 2 [15]). For any n, an incomplete n x n Latin

square can be embedded in a t X t Latin square for any t > 2n.

In graph theoretic terms, this is equivalent to extending a partial 1-factorization of

F C K, , using n colors to a 1-factorization of K;,, given ¢t > 2n.

Cruse provided a symmetric analogue of Ryser’s theorem by finding the necessary and
sufficient conditions under which an r x r symmetric Latin rectangle can be embedded into

an n X n symmetric Latin square.

Theorem 1.2.4 (Cruse, 1972, [14] Theorem 1). Let T' be an r X r symmetric Latin
rectangle based on the symbols 1,2, ..., n, where n > r. Denote by N(i) the number of
occurrences of the symbol i in T. In order for T to be extendible to an n X n symmetric

Latin square based on the symbols 1,2, ..., n, it is both necessary and sufficient that
1. N(i) > 2r —n for every symbol i € {1,2,...,n}, and
2. N(1) =n (mod 2) for at least r of the symbols i € {1,2,...,n}.

In graph theoretic terms, this result is equivalent to finding conditions under which a
proper edge-coloring of the complete graph K, (this is the complete graph K, with a loop
on each vertex) can be extended to a one-factorization of K.

In the 1970s, Baranyai resolved the problem posed by Sylvester in the 18th century,

establishing two necessary and sufficient conditions under which K" is r-factorable.

Theorem 1.2.5 (Baranyai, 1973, [12] Corollary 2). K"

" is r-factorable if and only if h | rn

and 7 | (Zj)

Following the resolution of Sylvester’s problem by Baranyai, Cameron asked the following

question.

Problem 1 (Cameron, 1976, [13] Question 1.2). Under what conditions can partial

parallelisms be extended to parallelisms?



Embedding structured factorizations has been studied by various authors. In the 1980’s,
Hilton introduced a technique called amalgamation, which has been very effective in

solving a wide range of problems [1, 2, 3, 16, 20, 23, 27]. One example of this is an early
result of Hilton in which he found conditions that ensure a partial 2-factorization of K,

can be extended to a connected 2-factorization of K, [21].

Theorem 1.2.6 (Hilton, 1982, [21] Theorem 2). Let 1 <r < 2n+ 1. An edge-coloring of
K, with n colors cy,...,c, can be extended to a Hamiltonian decomposition of Kopyq1 in
which each color class of the edge-coloring of K, is incorporated into a Hamiltonian circuit
of Koni1 if and only if each color class of the edge-coloring of K, consists of at most

2n + 1 — r disjoint paths (counting a vertex of K, with no edges of color ¢; on it as a path

(of length 0) of ¢;).

Hilton also used this technique in results pertaining to Latin squares in 1987 [22].

A third source of interest is Marcotte and Seymour’s theorem (1990) [26] that establishes
necessary and sufficient conditions for a proper k-coloring of a subgraph of a multiforest G
to be extended to a proper k-coloring of G.

A proper coloring can be viewed as a partial 1-factorization or as an almost 1-factorization
(in an almost r-factor, we allow the vertex degrees to be r or r — 1).

A breakthrough in the direction of settling Cameron’s question was a result of Haagkvist
and Hellgren [17] in 1993 that settled the problem of embedding a 1-factorization of K"
into a 1-factorization of K" proving that a 1-factorization of K" can be embedded into a
1-factorization of K" if and only if h | m, h | n, and n > 2m.

Higher edge-connected analogues of Hilton’s results have also been proven. For example,
Rodger and Wantland proved an analogue of Hilton’s result giving necessary and sufficient
conditions for embedding a proper edge coloring of K, into a 2-edge-connected

k-factorization of K.

Theorem 1.2.7 (Rodger and Wantland, 1995, [28] Theorem 3.2). Let v < kn+ 1. An



n-edge-coloring of K, can be embedded into a 2-edge-connected k-factorization of Ky,y1 if

and only if
(i) degg,(v) <k for every v € V(K, (7)),
(ii) for every component C of Ku, 3 ey (o) degr, o (v) < k[V(C)] -2,

(iii) if C' is a component of K,(i) and e is a cut edge of C with Cy and Cy being the
components of C — e, then there exist v € V(C}) and vy € V(Csy) with

degg, i)(v1) < k and degg, (;(v2) <k,
(iv) n is odd if k is odd, and
(v) kn+ 1> 2v — 2¢/k,
where € = miny<;<,, |E(H;)| and H; is the subgraph induced by the edges colored c;.

Johnson proved a more general analogue of Hilton’s result giving necessary and sufficient
conditions for embedding a factorization of K,, into a s := (sy, ..., sg)-factorization of K,

where each s; factor is f;-connected given £ := ({1, ..., l).

Theorem 1.2.8 (Johnson, 2003, [25] Theorem 8). Let n, t, K, and L satisfy the following

conditions

(A1) ! ki=n—1,

(A2) if n is odd, then each k; is even,
(A3) for1<i<t, l; <k and

(A4) if n >3, then ¢; =0 if k;=1.

and let « =n —m. A factorization G1,...,G;y of K,, can be embedded into a factorization
Fy, ..., F; of K, in which, for 1 <i <t, F; is a k;-reqular ¢;-edge-connected graph if and

only if the following conditions hold:



(I) for 1 <i<t, deggy(v) < k; for each v € V(Ky),

(1) for1<i<t, ak; > ¢,

Qw; — € — 2
(1) for1<i<t, ifb;=1, thena> 29— =

(IV) for 1 <i<t, if b; =k, {; is odd and w; > 2, then o # 2, and
(V) for1 <i<t, H; is {;-edge-connected.

In 2003, Hilton et al. [24] found necessary and sufficient conditions for a given coloring of

K, to be embedded into a connected k-factorization of IK,,.

Theorem 1.2.9 (Hilton et al., Theorem 3.1, [24]). For 1 <i<n and 1 < j < w;, let G(i)
be the subgraph of K, that is induced by the edges colored i, and let C;,...,C;,, be the
components of G(i). If G(i) has mazimum degree at most k, let

€ij = Dovev(ciy) (F —degqu)(v) and let e =3, €. Letk =23 and a =kn+1—t. An
n-edge-colored Ky, with color classes G(1),G(2),...,G(n) (where possibly some color
classes contain no edges), can be embedded in an n-edge-colored Ky,1 in which each color

class is a connected k-factor if and only if
1. deggy(v) <k for each v € V(Ky) and for 1 <i <nmn,
2. ¢;>1for1<i<nandl <j<uw;,
3. a > maxr{e/k:1<i<n},
4. aZmax{%:lgign}, and

5. if k is odd, then n is odd.

Hilton’s amalgamation technique has recently been applied to hypergraphs by Bahmanian
[8, 5, 11] and inspires the proofs of the results in this thesis. In fact, the following theorem
concerning the reverse of amalgamation, called detachment, is foundational to the results

in this thesis.



Theorem 1.2.10 (Bahmanian, 2012 [5] Theorem 4.1). Let F be a k-edge-colored
hypergraph and let g : V(F) — N be a simple function. Then there exists a simple
g-detachment G (possibly with multiple edges) of F with amalgamation function

U :V(G) = V(F), g being the number function associated with V¥, such that:
(A1) degg(v) ~ degr(u)/g(u) for each u € V(F) and each v € ¥~ (u),
(A2) degg;)(v) = degyr(;)(u)/g(u) for each u € V(F), each v € U~ (u) and 1 < j <k,

(A3) multg(Uy,...,U,) ~ multz(uy™, ... um’“)/ngl((gT(::))) for distinct uy, ..., u,. € V(F)

> r

and U; C U= (u;) with U] = m; < g(u;) for 1 <i<r, and

(A4) multg;y(Uy,...,U,) = multzg)(u™,. .. umr)/ngl((gfgf))) for distinct

Uy, .. up € V(F) and U; C O (u;) with |U;| = my; < g(u;) for 1 <i<r and

1<j<k.

In 2016, Bahmanian and Newman completely settled the question ‘Under what conditions
can an r-factorization of K2 be extended to an s-factorization of K27’ with the following

theorem.

Theorem 1.2.11 (Bahmanian and Newman, 2016, [4] Theorem 16). An r-factorization of

K3, can be embedded into an s-factorization of K3 if and only if
(C1) 3|rm, 3| sn;

(©2) r ("7 s 1 ("))

©) 1s/r<(7) /(7

(C4) n>3m/2if 1l <s/r < ("51)/(7"2_1),

(C5) n>2m ifs=r;

(C6) sm(",™) > (") if m(s —r) is odd and s/r = (”21)/(m21),



Bahmanian and Newman also generalized Haagkvist and Hellgren’s result by proving the

following theorems.

Theorem 1.2.12 (Bahmanian and Newman, 2017, [10] Theorem 1.7). Let n, m, h, and r

be positive integers satisfying the following necessary conditions.

—1 —1
n > 2m, h|rm, h|rn, r](TZ_l), r](Z_l)

Additionally, assume that
ged(m, n, h) = ged(n, h).

Then there exists an r-factorization of K" containing an embedded r-factorization of K" .

Theorem 1.2.13 (Bahmanian and Newman, 2017, [10] Theorem 1.8). Let n, m, h, r, and

s be positive integers satisfying the following necessary conditions.

-1 -1
h | rm, h | sn, T (7;:_1), s | <Z_1>.

Additionally, assume that the following conditions hold, where k = ged(m,n, h).

ged(m,n,h) = ged(n,h),  n>2m 1< ; < % [1 - (m; k)/(?j)} .

Then there exists an s-factorization of K" containing an embedded r-factorization of K" .

The results in chapter IV are generalizations of the following recent results with some

added conditions pertaining to connectivity of factorizations.

Theorem 1.2.14 (Bahmanian, 2018, [7] Theorem 4.1). For n > 4.847323m, any partial

r-factorization of K2 can be extended to an r-factorization of K2 if and only if 4 | rn and

r (")



Theorem 1.2.15 (Bahmanian, 2018, [7] Theorem 5.1). For n > 6.285214m, any partial
r-factorization of K3 can be extended to an r-factorization of K2 if and only if 5 | rn and
rH()-

A recent result along the same lines as Marcotte and Seymour’s theorem from 1990 is that
of Harrelson, McDonald, and Puelo [19] in 2018, which makes progress towards similar
results for planar graphs that are not necessarily multiforests. Among other things, they
establish the necessary and sufficient conditions for a proper k-coloring of a subgraph H of
a planar graph G to be extended to a proper k-coloring of G when k > A(H) + A(G) + 4.
Another recent result of Bahmanian is the following generalization of Baranyai’s theorem,
establishing necessary and sufficient conditions under which AK” is r-factorable into

connected r; factors.

Theorem 1.2.16 (Bahmanian, 2019, [6] Theorem 1.2). Let r = (ry,...,7r). Then AK! is
r-factorable if and only if h | rin for 1 <i <k and Zle r; = )\(Zj) Moreover, for

1<t <k, ifr; > 2, then we can guarantee that the r;-factor is connected.

Baranyai’s theorem and this generalization identify the ‘obvious’ necessary conditions for
the results in this thesis; that is, the necessary divisibility conditions for AK" to be
r-factorable or r-factorable, respectively.

The result in chapter IT mirrors the following results found in [9].

Theorem 1.2.17 (Bahmanian and Haghshenas, 2019, [9] Theorem 1.2). For n > 4m, an
r-factorization of K* can be extended to an s-factorization of K* if and only if the

following conditions hold.

ton st 1 (70) 1 (5) = (0)/07)

Theorem 1.2.18 (Bahmanian and Haghshenas, 2019, [9] Theorem 1.3). For n > 5m, an

r-factorization of K2 can be extended to an s-factorization of K> if and only if the

10



following conditions hold.

5(rm, 5| sn, r|(m4_1>, s|(”;1), 1gs/rg(”;1)/(m4_1).

The following theorem is a generalization of these results with an added condition to

guarantee connectivity.

Theorem 1.2.19 (Bahmanian, Johnsen, Napirata, 2021+). For n > hm, an r-factorization

of A\K"" can be extended to a connected s-factorization of N\K" if and only if s > r + 1 and

m—1 n—1 s n—1 m—1
h|rm, h|sn, r]A(h_l), s|>\(h_1), 1 r_<h—1>/(h—1)

In chapter III, we further generalize this theorem and also identify the necessary conditions

IN

to guarantee connectivity of the resulting factorization.
In both chapters, the theorems pertaining to connectivity of r-factors found in [8] are also

directly applied. In particular, we use the following result.

Theorem 1.2.20 (Bahmanian, 2020, [8] Corollary 7.4). Let G be a partial r-factorization
of A\K" and let H be the hypergraph obtained by adding a new vertex o and new edges to G

so that

mult(a’, X) = A(” p m)for cach 1 <i < h, and X C V(NK") with | X| = h — i.

A partial r-factorization of A\K" can be extended to a connected r-factorization of A\K" if

and only if the new edges of H can be colored such that

r if v # «,
degyy(v) = Vi € [kl (I.1)

r(n—m) ifv=aq,

11



and

walH(j)) < (r —1)(n—m)+1 Vie k], (1.2)

h—1

where k = /\("_1)/7“ € N.

Here, the first condition guarantees that we can extend the partial r-factorization of AK"
to an r-factorization of AK" and the second condition guarantees that each individual color
class AK"(j) will be connected. This condition is also useful when extending partial

r-factorizations to connected r-factorizations, where r = (ry, ..., ry).

1.3 Identities

The following combinatorial identities are used often in this thesis.

Lemma 1.3.1. Forn>m > h

> (070 =6) s
()G =G - Go)) w

Proof. First, we will show that

LG =G)

Suppose we have a set X of n vertices. We could consider two subsets of these vertices: one
subset U including m vertices and one subset V' including the remaining n — m vertices.
We count the number of ways to choose h-subsets from the set X. There are (Z) ways to
choose an arbitrary h-subset of X.

These subsets may all be defined based upon the number of vertices from U contained in

them. Each subset contains some ¢ vertices from U, where 0 < ¢ < h. The remaining h — ¢

12



n—m

i ) edges containing

vertices in any subset are contained in V. Since there are (T)(
exactly i vertices from the subset U, it follows that there are Z?:o (T) (”h__T) total
h-subsets of X.

Hence we conclude that

as desired.

Next, we will show that

h=1 (m\ (n—m n—1 m—1

()G =G - Gon)
A proof of this second identity can be found in [9]. We include the proof here for the sake
of completeness.
Let F be the hypergraph with V(F) = {u,v} and edge set E(F) = {u'v" 0 <i<h -1}
such that mult(u’v"~) = (") (", 7) for 0 < i < h — 1. Each edge of the form u'v"~" adds i
to the degree of u in F. Thus, the degree of u in F is equal to Z?;ll Z(T) ("h_ff).
Let uq, ..., u,, be the m vertices in Kf}1 and let Ks have vertex set uy,...,Um, V1, .., Vp_m-
Then we may obtain the hypergraph F by identifying m vertices ui, ..., u,, in K"\ K" by
the vertex u and the remaining n — m vertices by the vertex v. The degree of any u; in
KM Kh is equal to (7~]) — (7). Thus, the degree of u in F is equal to m [(7_1) — (7-])].

Therefore,

h—1
; m\ /[n—m ~ deg,u = m n—1 B m—1

—~\i)\h—i 7 h—1 h—1)|’

as desired. ]
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CHAPTER II: EMBEDDING FACTORIZATIONS WHEN h =6
Suppose that an r-factorization of K¢ is given. Each color class is an r-factor and within
each r-factor, the number of edges (which is an integer) is equal to mr/6 (the number of
vertices multiplied by the degree of each vertex divided by the number of vertices per

edge). Thus, the existence of an r-factorization of K9 implies that 6 | rm. Moreover, since

m—1

the degree of each vertex in K§, is ("

) and the degree of each vertex in color class K§,(j)
is r, we must have that r | (" 1). Thus, in order to extend the given r-factorization of K¢

to an s-factorization of K9, the following conditions are necessary.

-1 -1
6 | rm, 6 | sn, r|(m5 ), 3|(n5 ) (I1.1)

Let the number of colors in the r-factorization of K9 and in the s-factorization of K9 be ¢

and k, respectively. Then we have the following additional necessary conditions.

r <s, qg<k (I1.2)
In this chapter, a quintuple (n,m, s, r,6) is admissible if it satisfies conditions (II.1) and
(I1.2). We shall show that

Theorem I1.0.1. For n > 6m, an r-factorization of K8 can be extended to an

s-factorization of K" if and only if (n,m, s,r,6) is admissible.

Throughout the rest of this chapter, we shall assume that (n,m, s, r,6) is admissible, the
number of colors in the given r-factorization of K¢ is ¢, the number of colors in the

s-factorization of K¢ is k, and

14



1{11:{1,...,(]}, /{2::{(1—}_1""71{:}7 Hz:ﬁlu,{%

Let G be the hypergraph K°\ K% . We refer to the m vertices in V(G) N K9 as the old
vertices in G and we refer to the remaining n — m vertices in V(G)\ K9, as the new vertices
in G. We shall reduce the problem of extending an r-factorization of K¢ to an
s-factorization of K9 to the problem of coloring a 2-vertex hypergraph F with

V(F) = {u,v}. Before describing E(F), we need to introduce some more notation. An
edge of the form u'v? (or a u'v?-edge) is an edge in which vertex u occurs 4 times and
vertex v occurs j times. When we color the edges of F, we use degz(;)(v) and multz(;(e) to
denote the degree of v and the multiplicity of e, respectively, in color class F(j). The

following describes the edge set of F.

mult(u'vS~7) = (T) (TZ;__T) for 0 < i < 5. (IL3)

In fact, F is obtained by identifying all the m old vertices of G with a vertex u, and
identifying all the remaining n — m new vertices with a vertex v. We say that G is a
detachment of F, and F is an amalgamation of G.

In order to extend the r-factorization of K% to an s-factorization of K¢, we need to color G
with % colors such that each color class of K9 with edge set E(G) U E(K?) induces an
s-factor for color j. In each r factor in the given r-factorization of K8 we have that the
degree of each vertex is r. Thus, coloring in such a way would require the degree of the m
old vertices in V(G) to be s —r in G(j) for all j € k1, the degree of the m old vertices to be
s in G(j) for all j € ko, and the degree of the n — m new vertices in V(G) to be s in G(j)
for all j € k. If we can obtain such a coloring, then in the amalgamation F of G,

degr;)(u) = m(s —r) for j € k1, degr(;y(u) = sm for j € ko, and degx;)(v) = s(n —m) for

15



7 € k. More importantly, by the following lemma, which is an immediate consequence of a

result of Bahmanian (see [5, Theorem 4.1]), the converse of the previous statement is also

true.

Lemma I1.0.2. An r-factorization of K8 can be extended to an s-factorization of K9

provided the hypergraph F described above can be colored so that

(
m(s—r) ifx=u,j€ Ky,

deg]—'(j)(x) =93sm if vt =u,j € Ko,

s(n—m) ifr=0vj€k.
\

IT1.1 Proof of Theorem 11.0.1

(I1.4)

Suppose (n,m, s, r,6) is admissible. We proceed by coloring the six types of edges in F to

meet the degree conditions in Lemma I1.0.2.

Lemma I1.1.1. We can color the edges of the form u®v such that

(s —r)m forj € ky;
5 multz(; (u’v) <

sm for j € ks.

Proof. To show that this is possible, we need to show that

mult(«®v) < g {MJ +(k—q) {ﬂJ .

5

We have

16

(IL.5)



Thus, it suffices to show that
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m ("5 )= ("5 )] =o(5 ) -5 (5 e
(") G007 G070

w 3
N

AL e (7))

m—1 n—m m— 5
> (m—4 S
== ) (") - )]
S (T _m__5_( —m)
=\ 2 5
— 1
2(" m)——(m—S)(n—m)—(n—m)
2 )
= (n—m) |5 —m—1) = <(m—5) 1
=(n—m) |5(n—m =(m
1 7 1 _ 23 1
> p——m—=>om— = >
R TR T
]
Lemma I1.1.2. We can color the edges of the form u*v? such that
m(s —r) — 5multz)(u’v)  for j € ki;
4multzg (u'v?®) < ’ (IL.6)

sm — 5multz; (u’v) for j € ka.

Proof. Based upon our coloring of the first type of edges (see 11.5), the right-hand sides of

the inequalities in I1.6 are nonnegative. Thus, to show that this is possible, we need to
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show that

s —r) — Smultzg;)(uv) sm — 5multz; (u’v)
It(u“v°) < .
e ZJGM \‘ 4 + ZJ'G@ 4

We have

s —r) — Smultzg;)(u’v) sm — 5 multz(;) (u’v)
1 Z]Gm \‘ 4 4 Z]’Gm 4
> Zm (m(s — ) — 5multyg;) (u®v) — 3) + Zje@(sm — 5multz( (u’v) — 3)

— g(m(s—r) -

—k:sm—qrm—5( )

+
>k:sm—qrm—5( )

() (" )}—5(5)<”—m>—3(";1)-

Thus, it suffices to show that

—q)(sm — 3) — 5mult(u’v)

n — 3k
n — 3ks
We have
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(247m® — 288m + 50) = 494m — 288 > 0 when m > 6.
20

The following completes the proof.
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> 0 when m = 6.



Thus 247m? — 288m + 50 is increasing and positive for m > 6, so we conclude

247m? — 288m + 50 > 0. [l

Lemma I1.1.3. We can color the edges of the form u®v® such that

m(s —r) — dmultz) (u'v?) — Smultz) (u®v)  for j € Ky
3 multz(j (uPv%) < ! ! (IL7)

sm — 4 multz(;) (u'v?) — 5 multzg;) (uv) for j € k.

Proof. Based upon our coloring of the first two types of edges (see 11.6), the right-hand
sides of the inequalities in I1.7 are nonnegative. Thus, to show that this is possible, we

need to show that

mult(u3v3) < Z 3 \‘m(s - 7”) — 5mult]:(j)<u5v) — 4mul’[]:(j)(u4v2)J
JER1

N Z sm — 5 multz(;) (u’v) — 4 multg;) (u'v?)
JEK2 3 '

We have
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5 Z m(s —r) — 5multzg)(uv) — 4 multg;) (u*v?)
JERL 3
sm — Smultz(;) (u’v) — 4 multz ;) (utv?)
+3y L :

> ngm (m(s —r) — 5multz)(u’v) — 4 multz)(u'v?) — 2)
+ Z (sm — 5 multz(j)(u’v) — 4 multzg) (u'v?) — 2)
JER2

=q(m(s—7) —2) + (k — q)(sm — 2) — 5mult(u’v) — 4 mult(u'v?)

oS- (5)(157)
- () (5) -
(7)) )

Thus, it suffices to show that
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12
— S (m =)~ 4)m
_ 1_12(n_m—1) (%(n—m—2)(n—m—7)—2(m—3)) —6—10(m—3)(m—4)m
> 5 (6m=1) (55m = 2)(5m = 1)~ 2m - 3) ~ 5 (m—3)m — O
=T = gt 3 00Gm = 1)+l — 1)
_ 5”112_ ! (5m2_ 1> - %(m — 3)(m? + 46m — 10)
= %0(6237713 — 1336m* + 871m — 130)
= % (m*(623m — 1336) + 871m — 130)
> 0.
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Lemma II.1.4. We can color the edges of the form u*v* such that

2p15  Jor j € Ky
2mult;(j) (U2U4) < ’

204 forj € Ko,

where

(IL.8)

Proof. Based upon our coloring of the first three types of edges (see 11.7), the right-hand

sides of the inequalities in I1.8 are nonnegative. Thus, to show that this is possible, we

need to show that

mult(u®o?) <Y [pay) + Zjew loa;] .

JERK1

We have
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QZ].EKI Lpag) + 321@2 Loa)
> Z . (m(s —r) — 5multz)(u’v) — 4 multrg) (u'o?) — 3multz) (u?®) — 1)
JER1
_ uP B —
+Zm(sm 5 multe () (u®v) — 4 multzg (u'o?) — 3 multzg) (u*v®) — 1)

=q(m(s—r)— 1)+ (k — ¢)(sm — 1) — 5mult(u’v) — 4 mult(u*v®) — 3multzg; (u*v?)

(S (1)) -t
oA )
mggg)wm Ge-n ()G

Thus, it suffices to show that

(505 5(5)@@4(?) ("))
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s - [ () (0 )]
+(m—1)(n—m) {_é<”‘m‘1)(m2_2> _i<m3—2) _é(m4—2>]

o G T [
(")) ()

1
=130 (n®(n — 4m — 15) + 5n(17n — 45 + 6m°n + 35mn — 4m® — 35m* — 90m))
1
+ 150 (m*(5m — 46) + m(344m — 591) + 754)
1
> 150 ((6m)*(2m — 15) 4+ 30m(102m — 45 + 36m® 4+ 210m”> — 4m® — 35m* — 90m))

1
+ 150 (m*(5m — 46) + m(344m — 591) + 754)

1
= m(1397m4 +1964m* + 704m? — 1941m + 754)
>0

Lemma I1.1.5. We can color the edges of the form uv® such that

ps;  forj € Ky,
multz(; (uv®) = (IL.9)

0'573‘ fOT’j € Ko,
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where

4
psj = (s —r)m—Y (6—€) multz;(u")
/=1

4
05, = Sm — 2(6 — £) multy (u® o)

Proof. Based upon our coloring of the first four types of edges (see I1.8), the right-hand
sides of the inequalities in I1.9 are nonnegative. Thus, the following proves that this

coloring is possible.

Zjeﬁmult;(j) (uv®) = Zm multz;) (uv®) + Zm multz ) (uv®)
=qgm(s—7)+ (k—q)sm —5 Z . mult ;) (uv) 42@ mult ;) (u'v?)
~3 Zy@; multzgj) (uv®) — 2 Z _multz() (u*o’)
G OIS WO
=(3)(")")
= (150) = (" )] o5 )= (")
() (") )"

=m (n _5 m) — mult(uv®).
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Lemma I1.1.6. We can color the edges of the form v° such that

n 60, ¢ 5 :
s <— - m> + 226[4](5 — {) multzgj)(u”""v") +rm (6) for j € Ky,

n _ :
s <E - m> + E Ze[4](5 — ) multz(j) (u®“0") for j € ka.
(IL.10)

Proof. Since (n,m, s, r,6) is admissible, multz(;)(v°) is an integer and since n > 6m,

multz(;)(v°) > 0 for all j € k. Thus, the following completes the proof.

Zjeﬁ multz(;) (v°) = Zjem mult;(j)(vﬁ) + Zje@ mult;(j)(UG)
= q(s(n/6 —m) +rm(5/6)) + (k — q)(s(n/6 —m))
+ ZEEH] (5 — £) mult(u®“v")

= ksn/6 — ksm + 5qrm/6 + Zm](s — ¢) mult(u®~“")

= (&) ("5 ) o(5) + a5 mes (1) ("57)
()5 ()0

= (&) ("5 ) () [ (5 ) - (5 )] ()
(; (;;mw)

]

Lemma I1.1.7. Coloring according to Lemmas I1.1.1-11.1.6 satisfies the degree conditions

stated in lemma I1.0.2.

Proof. For j € k, we have
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degz;)(u) = £e[5}(6 — 0) multz(j) (u® o)

ZE[4](6 - é) mult;(j)( ub=* g) + mult;( )(UU5)

ps; for j € Ry

I
M MM

e€[4}(6 — O) multzj) (u®“0") +
05,5 fOI‘j € Ko

m(s—r) forj € Ky

sm for j € Ko

I
—

and

degz(;)(v) = Zze[ﬁ émult;(j)(uﬁ_éve)

= Z ﬁmult; () (W8~ + Smultzg) (uv®) + 6 multzg;) (v°)
S0 .
_Z | Cmult ) (u )6 Ly (5= O mult (u10")

5
n > ., 5ps,; + 6rm (6) for 5 € Ky,

50’5’]' fOI'j € Ko.

-5 ZZ€[4](6 —{) mult;(j)(UG_ V") + sn — 6sm
5(s —r)m +5rm for j € Ky,
Hsm for j € ko.

= sn — 6sm + dsm

= s(n —m).
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This completes the proof of Theorem I1.0.1.
In the next chapter, we will address a generalization of Theorem I1.0.1 where the value of h

is unknown. In fact, Theorem I1.0.1 is a corollary of Theorem III.0.1 in the next section.
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CHAPTER III: EMBEDDING CONNECTED FACTORIZATIONS
Let ¢,k € Nand let s = (s1,...,8;) and r = (71,...,7,). Suppose that an r-factorization of
AK" is given using ¢ colors. Then the edges of color j in each color class AK" (j) induce an
r; factor. Within each r;-factor, the number of edges (which is an integer) is equal to
mr;/h. Thus, the existence of a r-factorization of AK" implies that h | rym for each color
J. Moreover, since the degree of each vertex in AK" is )\(T}'Zjll) and the degree of each
vertex in color class AK" (j) is r;, we must have that DT = A(T7)). If it is possible to
extend this r-factorization of AK" to an s-factorization of AK", then the existence of an
s-factorization of AK similarly implies that h | s;n for all j € [k] and Zle s;=A(11).
Thus, in order to extend the given r-factorization of AK", to an s-factorization of AK" with

k color classes, the following conditions are necessary.

q k
-1 -1
h|rym,  h|sn, er = /\(7;;_ 1), Zsj = )\(Z_ 1). (IT1.1)

J=1 J=1

Since the number of colors in the r-factorization of AK" and in the s-factorization of NK"

are ¢ and k, respectively, we have the following additional necessary conditions.

r; < sj, qg<k (111.2)

These conditions arise from the fact that we cannot embed an edge-coloring of a
hypergraph using g colors into an edge-coloring of a larger hypergraph using fewer than ¢
colors and from the fact that we cannot embed an r-factor into an s-factor if s < r.

In this chapter, a sextuple (n,m,s,r, h, \) is admissible if it satisfies conditions (II1.1) and

(III.2). We shall show that

Theorem II1.0.1. For n > hm, an r-factorization of A\K" can be extended to an
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s-factorization of AK" if and only if (n,m,s,r,h,\) is admissible.

In fact, we prove something much stronger. By a connected factorization, we mean a

factorization in which each color class is connected.

Theorem II1.0.2. For n > hm, an r-factorization of NK" can be extended to a connected

s-factorization of N\K" if and only if s; > r; + 1 and (n,m,s,r, h, \) is admissible.

ITI.1 Proof: Overview

Throughout the rest of this chapter, we shall assume that (n,m,s, r, h, \) is admissible, the
number of colors in the given r-factorization of AK" is ¢, the number of colors in the

s-factorization of AK" is k, and

r=A{1,...,q}, ko ={q+1,....k}, K= K1 U Ka.

Let G be the hypergraph K"\ K" . We refer to the m vertices in V(G) N K as the old
vertices in G and we refer to the remaining n — m vertices in V(G)\ K" as the new vertices
in G. We shall reduce the problem of extending an r-factorization of )\Kfj1 to an
s-factorization of AK" to the problem of coloring a 2-vertex hypergraph F with

V(F) ={u,v}. Before describing E(F), we need to introduce some more notation. An
edge of the form u'v? (or a uv?-edge) is an edge containing 4 copies of vertex u and j copies
of vertex v. When we color the edges of 7, we use degz; (v) and multz(;(e) to denote the
degree of v and the multiplicity of e, respectively, in color class F(j). The following

describes the edge set of F.

mult(a'e ) — A(T) (”}L__"?) for 0<i<h—1. (IIL.3)
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In fact, F is obtained by identifying all the m old vertices of G := AK"\AK" with a vertex
u, and identifying all the remaining n — m new vertices with v. We say that G is a
detachment of F, and F is an amalgamation of G.

In order to extend the r-factorization of AK" to an s-factorization of AK", we need to
color G with k colors such that each color class of the hypergraph AK" with edge set
E(G)UE(AK!) induces an s;-factor for color j. In each r; factor in AK" | we have that the
degree of each vertex is r;. Thus, coloring in such a way would require the degree of the m
old vertices in V(G) to be s; —r; in G(j) for all j € kq, the degree of the m old vertices to
be s; in G(7) for all j € ky and the degree of the n —m vertices in V(G) to be s; in G(j) for
all j € k. If we can obtain such a coloring, then in the amalgamation F of G,

degz(;)(u) = m(s; — ;) for j € k1, degr;)(u) = s;m for j € Ky, and degx(;)(v) = s;(n —m)
for j € k. More importantly, by the following lemma, which is a consequence of a result of

Bahmanian (see [5, Theorem 4.1]), the converse of the previous statement is also true.
Lemma II1.1.1. An r-factorization of N\K" can be extended to an s-factorization of NK"
provided the hypergraph F described in (111.3) can be colored so that

;

m(s; —r;) ifr=u,j€ kK,
degr(; (1) = ¢ s;m if T =, € Ko, (I11.4)

siln—m) ifr=wv,j€Rk.

Proof. Suppose we are given an r-factorization of AK". Let F be the hypergraph defined
above and suppose we have colored the edges of F such that Equation I11.4 holds.

Then by [5, Theorem 4.1], there exists an n-vertex hypergraph #, obtained by replacing
the vertex u of F by m vertices uq, ..., u,,, replacing the vertex v of F by n —m vertices
V1, ..., Un_m, and replacing each u"~*vi-edge in F by an edge of the form U; U U, where
Uy CH{uy, ... umt, Uil =h —i, Uy C{vy,...,05—m}, |Uz| =i such that the edges incident

with u (in each color class of F) are shared as evenly as possible among uy, . .., u,, (in each
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color class of ) and the edges incident with v (in each color class of F) are shared as

evenly as possible among vy, ..., v, (in each color class of 7—2) in the following way.

(a) Fori e [m],j € ki,

degr;y(u)  m(s;)
degyyj)(ui) = T,(,Z) = — =5

(c) Forie[n—mlje€k,

degr;y(v)  sj(n—m)
degyy(j(vi) = — _(Jzn = = =

(d) For U1 Q {ul,. .. ,um}, |U1| =h— i,UQ Q {Uh. . ,Un_m}, |U2| = Z,Z € [h],

(20 Gm)0)

Let H be AK". First color the edges in E(AK") C E(H) according to the given

() (")
1 h—i,., s :
mult (U U Uy) = ——— () h=iJ\ 1 )y

r-factorization of AK" and then color the remaining edges of H according to the coloring
of the edges in E(#H). Then the degree of each vertex u; in V(#) N V(AK") will be

s; —rj+1r; =s; in color class H(j) for j € k1, the degree of each vertex u; in
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V(H)NV(AK!) will be s; in each color class H(j) for j € k2, and the degree of each
vertex v; € V(H)\V(AK!) will be s; in each color class H(j), j € k.
Thus H is an s-factorization of AK" with the given r-factorization of AK" embedded in it,

as desired. O

When needed, we will use the following combinatorial identities without further

explanation. Forn > m > h

Zh m\ (n—m\ (n Zh_li m\ /n—m . n—1 _ m—1
i=o\i )\ h—i) \h)’ i=t \i)\h—i) h—1 h—1/|
These identities and their proofs can be found in Lemma I.3.1 in the Introduction.

IT1.2 Proof of Theorem II1.0.1: Details

In this section, we shall assume that n > hm. The following inequality will be crucial in

our argument.

Lemma II1.2.1. We have

S m(?__f) (72—_7?) > (h—i—1) (Z - 1) , Viel[h-2). (IIL5)

Proof. We need to show that f(i) > 0 for ¢ € [h — 2] where

£0) de[h_i_u m(?_—f) (?;L—_?Z) —(h—i—1) (Z: 1) i€h—2,
9(0) = fi+1) = f(i) = Zze[h—i—zl m(TZ—_ll) (72_—?) ~h=i=2) (Z - 1)
S I i [ Ry

(o)) () e
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We will show that g is decreasing. If g is decreasing, one of three cases holds:

Case 1: g is decreasing and ¢(i) > 0 for i € [h — 3]. Then f(i+ 1) > f(i) for i € [h — 3], so
if f(1) > 0, then we have that f(i) > 0 for i € [h — 2].

Case 2: g is decreasing and ¢(i) <0 for ¢ € [h — 3]. Then f(i +1) < f(¢) for i € [h — 3], so
if f(h—2) >0, then we have that f(i) > 0 for i € [h — 2].

Case 3: ¢ is decreasing with ¢g(1) > 0 and g(h —3) < 0, so

g(1) > ...>g(i)>0>g(i+1) > .. > g(h—3) for some i € [h — 3]. Then

fG+1) > fi)>...>f(1)and f(i+2) > f(i+3) >...> f(h—2),s0if f(1) >0 and
f(h —2) >0, then we have that f(:) >0 for i € [h — 2].

Hence, it suffices to show that g is decreasing, f(1) > 0, and f(h —2) > 0.

Note that

o0 = () =2 ) (1)
N AN ()
=, ) (s Gl ) (o)

Thus for i € [h — 3|, we have the following which proves that g is decreasing.

(n—r-n—z'—l_m—hji—i—i-Q)
<(n —7121)(}1—@'— g);l(;ii— 2)(@'+2)>
(t+2)(h—i—2)

) Ci )
() )

= () ) e 2
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since n > hm and 1 < h — 3.

Since

R0 S Gy (W BIEET )
[Ea (G0 (o= ()] 00 ()
[ G- ()] 6w ()
cmen (3 0) (720 (7))
(m—h+2)(z:1> —m("_””m%hfl) (Tl:—_zl)

the following proves that f(1) >0

a5 ) o050

_(m—=h+2)(n—2)(m—h+1)!
— m(h—1)(n—h)!(m—1)!

1 n—1—1

_h—lnie[h—2]m—|—1—i
1 n—m—2
- 14— =
h—lHie[h—2]( * m+1—i)

S 1 1+n—m—2 h=2
~—h-1 m

(n—2)"2

(h )th
hm — 2)h2
ZWN

Using Bernoulli’s inequality (V7 > 1,V > —1: (1 +2)" > 1+ rz) we have the following

which proves that f(h —2) > 0.
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m(Z?T)/(Zi) (n T(S @Wz);in _hhiln
:mH n—m-—h+i+1
i€[m—1] n—m-+1i

h—1
_mHzEm 1] (1_n—m—}—z)
h—1
> .
- mHie[m—l} (1 n — m)

O
Using Lemma I11.2.1, we show that we can color all the u"~*vi-edges for i € [h — 2].
Lemma II1.2.2. We can color the edges of the form u" ‘v, u"=2v2, ... u?v"2 in F in that
particular order such that
i pij forj € Kk, .
multz(j)(u""*v") < forie [h—2], (IT1.6)

oi; for j € Ka,

where for i € [h — 1],

1 _ .
piy = 7 (m(sj — ) — Zfe[H}(h — 0) mult () (u" %@)) for j € Ky,
1 .
i =7 (msj - Zfe[i—l](h —0) mult;(j)(uh_évz)> for j € ko.
Proof. By letting po; = m(s; —r;)/h, 00; = ms;/h, we have
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h—i+1 o |
pij = 5 (pimry = multzgy (W) for € r,
for i € [h — 1], h—ij—l

h— (0'1'_173' — mUIt]:(j) (Uh_H_lUi_l)) for j € Ko.

Uij =

Therefore, for i € [h — 1], p;; > 0 (if j € k1) and 0,5 > 0 (if j € ko). Since f(i) > 0 for

i € [h — 2], we have
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1 —/!
Y - h”jg)(”;m
(
~AMh—i—1) :1)
:Am[ N
A —i—1) Z:D
:Am{
() ) i
S/\m[
—
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h—i, 1 < .. .
mult(u v ) ~ Zjeﬂ LngJ + ZjeHQ LUZ]J

Coloring the remaining edges of F is straightforward.

Lemma II1.2.3. We can color the uv"'-edges and the v"*-edges of F such that

prh-1j Jorj € k1,
multz( (w0~ ') = ’

On-1; Jorj € ko,

(

(" . =ty o (P
s, <h m>+Z£e[h—2}<h ¢ — 1) multy;)(u v)+7"jm( ; )

for j € Ky,

mult;(j) (Uh) =
S; (E - m) + Z (h — £ — 1) mult g (u" ")

for j € ko.

Proof. By Lemma III.2.2, both p,_; ; and oj,_; ; are nonnegative integers. We have
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Z]EH multz(; (uv" ') = Zjem Ph—1;j T Zj€m Oh_1j
- Zjé”l(Sj )T ZjEm Zée[h—2](h — ) multz; (u" ")
+ Zjem 551 — Zjem ZEE[}FQ](h — ) multzj)(u"0")
=m Zjeﬁ 55— m Zjem ri— Zee[hiﬂ(h —0) Zjeﬁ multz ;) (u"~“v*)
_ _q -
- [(Z - 1) - (TZ— 1)} B AZ@e[h—z](h -0 (h”_l g) (n / m)
=\ Zee[h_l](h —0) (hT g) (n —g m) Y de[h—z](h — /) (hnj E) (n —g m)

n—m
—)\m(h_1>.

Since (n,m,s,r, h,\) is admissible and n > hm, we have that multz(;)(v") is a nonnegative

integer for all j € k. Thus, the following completes the proof.
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h—t, ¢
+ Zjem Zeqhﬁ}(h — ¢ — 1) multgg)(u""v")

G- () (5) ()

)Xo
* Zﬂe[h—?] Ah=0) (hﬂj 5) ' _E m) B Zﬂe[h—ﬂ A(hn—l e) (
=) () (670 S () ()
=))W ()
001064

Lemma I11.2.4. Coloring of F satisfies (111.4).

Proof. For j € Kk, we have
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and

degr(u) = ze[h—ﬂ(h — ) multz(; (u" ")

Ee[h—Q}(h — ) multf(j)(uh_gvé) + multz(;) (wo" 1)

ph—1; forj € ry

I
M MM

_ N
Ze[h—Z}(h 0) multz() (u™"0%) + .
op-1,; forj € Ko

m(s; —r;) for j ek

S;m for j € ko

I
e

degir((v) = Doy Ul (" 0)

= Zze Cmultz( (u"~"0%) + (h — 1) multgg) (wo" ") + hmultzg) (v")

- Z gmult}— h ‘ E + hz h —{— 1) mult;(j) (uhfgvg

n (h = 1)pp—1,j + hr;m (—h ) for j € Kk,
h
(h=1)on-1, for j € ko.

B Zfe[h—ﬂ £mult].-(j)(uh*%€) +h Zze h—2] (h—C-1) mult]—'(j)(uh’%Z)
— (=) Zee[h—2](h — ) multz ;) (u" ) + s;n — hs;m
N (h—1Dm(s; —r;) + (h—1)rym for j € Ky,
(h = 1)ms; for j € kK.
= s;n —hs;m+ (h—1)s;m

= s;(n —m).
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This completes the proof of Theorem III1.0.1.

I11.3 Connected Factorizations

Let F be the hypergraph defined in section III.1 and colored in section I11.2. Let H be the
s-factorization of AK obtained by first detaching the colored hypergraph F by detaching u
into m vertices and detaching v into n — m vertices and then coloring the remaining edges

according to the given r-factorization of AK” , as described in the proof of Lemma II11.1.1.

Now amalgamate H by mapping the n — m vertices in V(H)\V(AK") to one vertex v. Let
F be the resulting (m + 1)-vertex hypergraph with V(F) = V(AK!)U{v} and with an edge

set containing F(AK") C E(F) and containing remaining edges incident to v such that

n—m

Itz(Xo" ") = A
mu ]-—( v ) (h—l

) VX CVOK") | X|=4,0<i<h—1 (I11.7)
Assume that the edges in E(AK") C E(F) are colored according to the given
r-factorization of AK". Let Uj,_; be the set containing all sets U C V(H)\V(AK") with

|U| = h — i and assume that the remaining edges in E(F) are colored such that for each

XCVAKM, |X|=i,0<i<h-1,

=Yh—

“multy (X UU). (111.8)

By an Xv’-edge or *v’-edge for short, we mean an edge of the form X U {v’/} (so it
contains j copies of v). Observe that the edges of AK" are the xv%-edges.
Recall that a vertex v in some hypergraph G is a cut vertex if there exist two non-trivial

sub-hypergraphs I, J of G such that (i) U J =G, (ii)) V(I NJ) = {v}, and (iii)
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E(INJ)=@. A sub-hypergraph W of a hypergraph G is an v-wing of G if (i) W is
non-trivial and connected, (ii) v is not a cut vertex of W, and (iii) no edge in F(G)\E(W)
is incident with a vertex in V(W)\{v}. A v-wing W is large if V(W) # {v}. Let w,(G),
and wk(G) be the number of v-wings, and the number of large v-wings in G, respectively.

Let ¢(G) denote the number of components of G.

Example: Hypergraph G with cut vertex v, w,(G) = 6, and wX(G) = 2.

g v-wings in G

/
g 4 ﬁ% v e
b v . %
’ N
For j € k, we have multﬁ( i) (v") loops containing h copies of vertex v, each of which is a
v-wing in F(5). The remaining edges in F(j) contain at least one vertex u # v, so any
remaining v-wings must be large v wings. Let F\{v} be the hypergraph with vertex set
V(F)\{v} and with edge set {e\{v}|e € E(F)}. Since s; > r; for all colors j, there must
be at least one Xv’ edge in E(F) incident to every vertex u in V(F)\{v}. The addition of
each such edge may decrease, but can not increase, the number of components in F(j)\{v}
compared to the number of components in AK" (j). Each component in .7:"(])\{1)}

corresponds to a single v-wing in F(j). It follows that the number of large v-wings in F ()

cannot exceed the number of components in AK” (5). Thus,

wo(F (7)) = multz ;) (") +wp (F(j)) < multz) (0") + (MK (7).

Moreover, c(AK" (7)) < m/h for j € k; as there are at most m/h pairwise disjoint edges in

a given r;-factor, and ¢(AK" (j)) < m for j € kg since the number of components in a
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hypergraph cannot exceed the number of vertices in it. Let z; = m(s; —r;), 2o = ms;.

Using induction, we show that for 2 < p < h and j € k;,7 = 1, 2, the following holds.

h—1¢ p—2
_ _(yhtt n—t _ RN ET . p—2
E ée[h—2](h — (= 1) multg ;) (u"v") < E el ( 1) multz ;) (u"0°) + 2 (p — 1) :

p—1
(I11.9)

Clearly (II1.9) holds when p = 2, so suppose that it holds for some 2 < p < h. We have

_ h—t, ¢
g ze[h—Q}(h ¢ — 1) multg ;) (u""0v")
-2
< - ul~t (P—=
Zée[h - < 1) multf( V) + 2 <
(2 — 1) mults,, (uPv"P)
1 F(J)

p —
h—t (! p—2
< Zﬁe[h—p—l] <p —1 o 1) mult}-(j)( ) + 2; <pT1
_ 1 i h—t ¢
-1 (z - Zee[h—p—u(h — £) multz (u" ))

h—1/¢ I p—1
_Zee[h —p—1] <— - 1) multz) (u"07) + 2 (T :

By [8, Corollary 7.4}, in order to complete the proof of Theorem II1.0.2, we need to show

that the coloring of F described in section III.2 satisfies the following condition.
wo(F(4) < (s;—L)(n—m)+1  Vjer. (I11.10)

Since n > hm and s; > r; +1 > 2, for j € k1, we have
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E( n _ h—1 m
T 0 () 50 - Dt ) (52
o (" ) +mls; — 1) h—2 Y h—1 . m
< s h m m(s; —r; 1 r;m 5 h
< S sm N r;im n m

= h h—=1 h(h—-1) " h

sjnh — s;n — s;mh +r;m +mh —m

h(h —1)
< shn—m) = (rj + Yn +rym+n—m
- h(h —1)
_ sjh(n —m) —r;(n —m) —m
h(h—1)
_ siln—=m) rj(n—m)+m
h—1 h(h — 1)

< (s; —1)(n —m),

and for j € Ky, we have

~ . n _
wxf@»g%(ﬁ—m)+§;@mﬂh—z—mmm&@mh%6+m
n h—2
< s; ﬁ—m + s;m ] +m
_8]__ sjm
“Th TR ™
73jnh—sjn—sjmh—|—mh2—mh
B h(h —1)
_sjiln=—m)+mh s;n+mh
B (h—1) h(h —1)
< (s; —1)(n —m).

This completes the proof of Theorem II1.0.2.
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CHAPTER IV: EMBEDDING IRREGULAR COLORINGS INTO CONNECTED
FACTORIZATIONS
Suppose that a partial r-factorization P of AK" is extended to an r-factorization of AK".
For i € [k], the existence of an r;-factor in AK" implies that h | r;n since the number of
edges in an r;-factor (which is an integer) is equal to mr;/h. Since the degree of each
vertex in AK" is /\(Zj) and the degree of each vertex in color class AK!(j) is 7;, we must

have that Z?Zl ri = )\(Zj) Thus, in order to extend P to an r-factorization of AK" the

following conditions are necessary.

k
h|lrin  Vielk], ZT@ZA(Z:i) (IV.1)

i=1
For further explanation of the necessity of these conditions, see the paragraph prior to
Lemma III.1.1 in section III.1.
We shall show that as long as n is big enough, these obvious necessary (divisibility)

conditions are sufficient. In this chapter, a quadruple (n, h, A\, r) is admissible if it satisfies

(IV.1). Here are our first two results.

Theorem IV.0.1. Forn > (h—1)(2m — 1), a partial r-factorization of A\K" can be

extended to an r-factorization of N\K" if and only if (n, h, \,r) is admissible.

Theorem IV.0.2. Letn > (h—1)(2m —1), s = (S1,...,84),r = (r1,...,7%) such that

SRS ST

i=1 i=q+1

A partial s-factorization of G C AK" can be embedded into an r-factorization of NK" if

and only if (n, h, \,r) is admissible.

In the following two results, we identify the conditions under which r;-factors in the
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extended factorizations in the previous two theorems are connected.

Theorem IV.0.3. In Theorem IV.0.1, an rj-factor \K"(j) of AK" is connected if and

only if r; > 2 and AK! () is rj-irreqular for j € [k].

Theorem IV.0.4. In Theorem IV.0.2, let AC{j e [k]|r; >2},B={j€lq]|r;#s;}
and define ™ =r; —1if j € A, andT; =r; if j € [K]\A. If

Bl 3 R )

jeB J€k\lg]
then for j € A, the rj-factor NK"(j) is connected if and only if G(j) is rj-irreqular.

Before we prove Theorems IV.0.1-1V.0.4, we provide several corollaries in the next section.
When needed, we will use Bernoulli’s inequality (Vp> 1,V 2z > —1:(1+x)? > 1+ px),

and the following combinatorial identities without further explanation. For n > m > h

Zh m\ (n—m\ (n thll, m\ (n—m o n—1 B m—1
=0\ i)\ h—i) \h)’ i=t \i)\h—i/) h—1 h—1)]"
These identities and their proofs can be found in Lemma 1.3.1 in the Introduction.

IV.1 Corollaries

To exhibit the effectiveness of our main results, here we provide some applications.

Corollary IV.1.1. Let

n—1 h
> (h—1)(2m -1 - -
n = (h—1)(2m—-1), d A(h_l), 9= sedn )’
F =K, H = \K".
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(I) A proper d-coloring of F can be extended to a proper d-coloring of H if and only if
n =0 (mod h).

(IT) A partial g-factorization of F using k := d/g colors can be extended to a connected

g-factorization of H if and only if F(i) is g-irreqular for i € [k] and n # 0 (mod h).

(III) A partial 2-factorization of F using k := |d/2] colors can be extended to a connected
2-factorization of H if and only if F (i) is 2-irreqular for i € [k], 2n =0 (mod h) and
d =0 (mod 2).

(IV) A partial h-factorization of F using k := |d/h] colors can be extended to a connected
h-factorization of H if and only if F (i) is h-irregular for i € [k] and d =0 (mod h).

Proof. To prove (I), let k =d,r = (1,...,1). Then hln and 35 1=k =d, so (n, h,\, 1)
is admissible. Applying Theorem IV.0.1 completes the proof.

To prove (II), let r = (g,...,g). By definition of greatest common divisor, we have that
ged(n, h)|n. As hlh, it follows that h|$, so h|gn. Furthermore,

Zle g=1(d/g)(g) =d= )\(Zj) Thus, (n, h, A\,r) is admissible. Moreover, as h { n and
hlgn, we must have that hlg, so as h > 2, we also have that g > 2. Applying Theorem
IV.0.3 completes the proof.

To prove (III), we apply Theorem 1V.0.3 with r = (2,...,2). As 2n =0 (mod h), we have
that h|2n. As d =0 (mod 2), we have that 2|d, so |d/2] = (d/2). It follows that

S 2=1d/2]2=d= A(7~1) and we conclude that (n, h, A, 2) is admissible. We assume
that F (i) is 2-irregular. Thus, Theorem IV.0.3 completes the proof.

To prove (IV), we apply Theorem 1V.0.3 with r = (h, ..., h). As h|h, we have h|hn. As

d = 0( (mod h)), we have that h|d, so Y. h=|d/h|h=d = A(7~1) and we conclude

that (n, h, A, h) is admissible. We assume that F (i) is h-irregular and we have that h > 2.

Thus, Theorem IV.0.3 completes the proof. O

Remark IV.1.2. (I) is a hypergraph analogue of Cruse’s theorem [14] which showed that

a proper (n — 1)-coloring of K, can be extended to a proper (n — 1)-coloring of K,
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whenever n is even and n > 2m. (III) is a hypergraph analogue of Hilton’s theorem on

extending path decompositions of K, to Hamiltonian decompositions of K, [21].

IV.2 Proof of Theorem IV.0.1

Let G := MK . We have established that it is necessary for (n, h, \,r) to be admissible, so

suppose that (n, h, A\, r) is admissible, n > (h — 1)(2m — 1), and a partial r-factorization of
G is given. Let F be the hypergraph whose vertex set is V(G) U {a}, and whose edge set is
the (colored) edge set of G together with further (uncolored) edges (containing the new

vertex «) described as follows.

n—m

ltr(Xa" ) =\
multz(Xa"™") (h—i

> VX CV(G),|X|=4,0<i<h—1. (IV.2)

By an Xa’-edge or xa/-edge for short, we mean an edge of the form X U {a?} (so it
contains j copies of ). Observe that the edges of G are the xa’-edges. In the next three
subsections, we color the new (uncolored) edges of F. When we color the edges of F, we
use degz(;)(v) and multz(;)(e) to denote the degree of some vertex v and the multiplicity of

some edge e, respectively, in color class j.

IV.2.1 Coloring the xa‘-edges, i € [h — 2] We color the xa-edges, xa?-edges, ...,

xa"2-edges of F, in that particular order, such that

degr;y(z) <j Ve e V(G),j € [k]. (IV.3)

Suppose to the contrary that for some i € [h — 2], there is an *a‘’-edge e in F that cannot
be colored. Let e = X U {a’} where X is an (h — i)-subset of V(G). Then for each j € [k],

there is some z € X such that degz;(z) = r;, and consequently, for all j € [k],
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> wex degr(;)(x) > r; (otherwise, the edge could be colored).

Since | X| = h — 4, the multiplicity of every edge is A, and for each x € X, we have

o degg(z) = (37))

e there are 22:1 (";m) (h"jz_ll) new edges which contain x and at most i copies of «, and

e at least one edge containing x cannot be colored.

On the one hand,

and on the other hand,

35 det g ) < M- ) [(Zj__f) " ;1 (") - 1] |

j=1 zeX

Thus, we have

L R (R G AT R

We shall prove that this is a contradiction by establishing that f(i) > 0 for ¢ € [h — 2] where

£i) = (Z:D — (h—4) {ZH (”_gm) (h?z_ll) —1], ielh—2].

Since
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ro-a=(7 ) 2 [ () ]

() -2 - ()]
(3 0) (o) 2

the following proves that f(h —2) > 0 for n > (h —1)(2m — 1).

(Z:?>/(Z:D::m—%&:TS:Zi1N
:ifn—m:j+1
ﬁ(l”;_j)
zﬁ(l_nT;iJ

h—1
(- m—1
( n—h—|—1)

N )
- n—h+1
S 1 (h—1)(m—1)

(h—1)(2m—1)— (h—1)
o (h=D(m-1) 1
T 2h—1)(m—-1) 2

Now let

, 1€[h—4].



We will show that g is strictly decreasing for i € [h — 4]. If g is decreasing, then there exists
an i with 0 <4 < h —4 such that g(i) > 0for 1 <i<aand g(i) <Ofora+1<i<h-—4.
Therefore, f(a+1) > f(a) >--- > f(1) and f(a+2) > f(a+3) > --- > f(h — 3). Hence,
to show f(i) > 0 for ¢ € [h — 3], it suffices to show that ¢ is decreasing, f(1) > 0, and
f(h—3)>0.

Since

o= =i-ia() ") CST) oo ()
() (- ),

for i € [h — 4], g(7) > g(i + 1) if and only if

(h—i—2n—m—i—1)>(h—49)(i+2)(m—h+i+?2). (IV.4)

1 1 h—1 h—1
Sinceigh—4,wehave—<—and—l<2,so,—z
(h—i—2)?

<1.
h—i—2—2 h_i_92— < 1. Therefore,

(h—1)(i+2)(m—h+i+2)
(h—i—2)2

+m+i+1<(h—=2)(m—2)+m+h—3<n.

This proves (IV.4), and consequently, g is strictly decreasing for i € [h — 4].

Since
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Now, we show that f(h —3) > 0. Since
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so-3= (3 1)

/)

) (”—7;:_—?” - 1) ((:—_11))!(” —nnz)gnh_%—];))!!
(S ) A
(e I T (-2
() )
(1) (o)

=1 (;&:13><$:13)>2 R

IV.2.2 Coloring the *a'-edges We color the *a"~'-edges such that
multz() (za” ') =r; — degr;)(v) Vo e V(G),j € [k].

This is possible, because for z € V(G),
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IV.2.3 Coloring the a*-edges Recall that n > (h—1)(2m — 1) and h | r;n for j € [k].

Hence, we color the a’-edges such that

h—2
mult;(j) (Oéh) = % —rym + Z(h —(— 1) mult;(j)(*o/) \V/j S [k]
£=0

Let us verify that this is in fact possible.
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h—2
(% —rm+ ) (h—(=1) mu“f(j)(*ag))

/=

h—2
(h —(— 1) mult;(j)(*o/)
=

0
k

h—2
(h— 1) - Am(h_ 1) + £:0<h_£_ 1) g multz;) (xa”)

J=1

i
() () e, ) ()

() e G2 -G

IV.2.4 Regularity of the Coloring of F As a result of the coloring of the

xah~1-edges, we have

degz;y(z) =r; Vo eV(G),j € [k], (IV.5)

and so,
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T
L

rim = degz;(x) =Y (h—0)multr;)(xa) Vj € [K]. (IV.6)
z€V(G) 0

o~
Il

Hence,

h
=0

h—1
= hmultzg (xa”) + Z Cmultzg (xa)
=0
- h—2 h—1
=h (JT —rym+ Z(h —(—1) mult;(j)(*o/)> + Z Cmultyg (xa)
=0 =0
h—2 h—1
=r;n — hrym+ hZ(h — = 1) multzj)(xa’) + Z Cmultyg (xa)
=0 =0
h—1 h—2
=rn—hY (h—0)multzg(xa’) + 7Y (h— ) multg;)(«a’)
=0 =0
h—2 h—1
—h Z multzj) (xa’) + Z Cmultyg (xa)
=0 =0

h—2 h—1
= r;n — hmultz (") — h Z multz; (xaf) + Z Cmultyg (xa)

=0 =0
h—1 h—1
=rn—nh Z multz(;) (xa) + Z Cmultzg (xa)
=0 =0
h—1
=r;n— Z(h — ¢) multz(j(xa")
=0
=r;n—r;m=r;(n—m) Vi € [k].

IV.2.5 A Fair Detachment of F By [5, Theorem 4.1], there exists an n-vertex
hypergraph H, called the fair (o, n —m)-detachment of F, obtained by replacing the vertex

a of F by n — m new vertices oy, ..., a,_, in H, and replacing each X a'-edge by an edge
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of the form X UU where U C {ay,...,an_m}, |U| =i € [h] (leaving the remaining vertices
and edges of F intact), such that the edges incident with « (in each color class of F) are

shared as evenly as possible among ay, ..., a,_,, in H in the following way.

(a) For i € [n—ml,j € [kl

_ degrp(a)  ry(n—m)

deg?—{(j)(ai> n—m _  n—m
(b) For X CV(G),U C {ar,...,anm},|X| =h—i,|U| =i€ [h],
(")
ltr(Xa '
multy, (XU) = TIEX) L (IV.7)

) ()

Here, multy (X U) is the number of occurrences of an edge of the form X UU. Observe that
by (b), H 2 AK", and by (IV.5) and (a), H(4) is an r-factor for i € [k]. This completes the

proof of Theorem IV.0.1.

IV.3 Proof of Theorem 1V.0.2

A vertex v in a connected hypergraph G is a cut vertex if there exist two non-trivial
sub-hypergraphs I, J of G such that ITUJ =G, V(INJ)={v},and E(INJ)=2. A
sub-hypergraph W of a hypergraph G is an v-wing of G if (i) W is non-trivial and
connected, (ii) v is not a cut vertex of W, and (iii) no edge in E(G)\E(W) is incident with
a vertex in V(W)\{v}. A v-wing W is large if V(W) # {v}, and is small if V(W) = {v}.
Let w,(G), and wX(G) be the number of v-wings, and the number of large v-wings in G,

respectively. Let ¢(G) denote the number of components of G.
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Example: Hypergraph G with cut vertex v, w,(G) = 6, and wl(G) = 2.

g v-wings in G

: v o
=

e

v
An r-factor cannot be connected unless if » > 2. Moreover, if a component of a color class
of AK" is r-regular, then there is no way to extend it to a connected 7-factor in AK”. This
justifies the necessity of the conditions of Theorem IV.0.3.
Now let G, :== AK" G C G,. Suppose that n > (h —1)(2m — 1) and (n, h, A, 1) is

admissible where s = (sy,...,5,),r = (1, ...,7%) such that
L (= si)m " mm m
1 (2 (2 > )\
> | 2 G
=1 i=q+1

and suppose a partial s-factorization of G is given. It suffices to extend the given partial
s-factorization of G to a partial r-factorization of G; as by Theorem IV.0.1, we may extend
this partial r-factorization of G; to an r-factorization of /\Kg.

Let F be a hypergraph whose vertex set is {a} and has )\(7}’:) copies of an edge of the form

{a"}. In other words,

V(F) ={a}, multr(a”) = )\(TZ)

We color the edges of F such that
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J for i € [q],

VimJ for i € [k]\[q].

By [5, Theorem 4.1], there exists an m-vertex hypergraph H obtained by replacing the
vertex a of F by m new vertices a, ..., a,, in H, and replacing each a/-edge by an edge of

the form U where U C {ay,...,an,}, |U| = h such that the edges incident with « (in each

color class of F) are shared as evenly as possible among v, ..., a,, in H in the following
way.
degrjy (@) b | (r;—s;)m . .
degy (i) » ——— < — L—J . J <= Vi € [m],j € [q);
(IV.8)
degr;y(@)  h rym
()~ — 2L o T < e ; i .
degyy ;) (@) U — <~ |28 <y Vi€ [m],j € [K\[a):
(IV.9)
m m m
multy, (U) = mult]:(ozh)/<h> = A(h)/(h) =\ YUCA{o,...,a,},|U| = h.
(IV.10)

Here, z ~ y means |y| <z < [y]. By (IV.10), H = AK", and by (IV.8) and (IV.9), the
coloring of H induces a partial (11 — s1,...,7¢ — Sq, "g+1, - - - » T )-factorization. We color
each edge of G;\G with color of the corresponding edge in H. This leads to a partial

r-factorization of Gy, as desired, and completes the proof of Theorem IV.0.2.
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IV.4 Proof of Theorem IV.0.3

Suppose that (n, h, A, r) is admissible, n > (h — 1)(2m — 1), and a partial r-factorization of
G := AK" is given. In the introduction, we established that it is necessary for AK" (j) to be
r;-irregular and for ; > 2 for all j € [k]. Let F be the hypergraph defined in Section IV.2
whose edges are colored according to the coloring described in Subsections IV.2.1-1V.2.4.
Let us fix j € [k] and assume that r; > 2 and that no component of G(j) is r;-regular.
Since degz(;)(u) = r; for all u € V(G) and no component of G(j) is r;-regular, there must
be at least one edge joining o and each component of G(j). Hence, F(j) must be

connected. We shall prove that H(j), constructed in Subsection IV.2.5, is connected.

IV.4.1 An Upper Bound for the Number of Wings We claim that

Wo(F(j)) < (rj —1)(n—m)+ 1. (IV.11)

Since every *a’-edge is a small a-wing in F(j), and each component of G(j) corresponds to

at most one large a-wing in F(j), we have

wa(F(5)) = multzg)(a”) + wg (F (7))

< mult_r(j)(()éh) + C(g(]>)

h—1
- % —rym+ ;Ul — i) multz() (') + ¢(G(j))-

Thus, to prove (IV.11), it suffices to show that

h—1
S = rmE Y (= i) multzgy (rat ) £ e(G(5) < (ry = D)(n—m) + 1,
=1
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which is equivalent to showing

rin (1 - %) —n+m+1> ZZ:;(h — i) multzj) (xa' ™) + (G (5))- (IV.12)

For i € [h — 1], an *a" "-edge in F contains i vertices of V(G) which are contained in at
most 4 different components of G(j). Thus, an *a*~*-edge connects at most i components
of G(j). It follows that the maximum number of components of G(j) which are connected
by the addition of new edges of the form =% for i € [h — 1] is Y20 i multz(j) (xa™ 7).
Note that edges of the form o’ do not contain any vertices v € V(G) and thus do not
connect any components of G(j). Since F(j) is connected and is obtained by the addition

of the edges of the form *a~% for 0 <i < h — 1 to G(j), we have

h-1
c(G(7)) < imultzg (+a” ).
=1

Therefore,

T
—
>

: -1
< L multz) (") <Y (b — i) multzg (xa 7). (IV.13)
1

>
|
—_
>
|
—_

=1 i

Using (IV.6), we have

65



1 12
1 k= -
=(1- )szultf () (* -7 2 — i) multz(j) (xa™ ")
bl 1 i
=1
h—1

(i — 1) multzg;) (") + (h — 1) multzg (*a°)

&
I
—

(i — 1) multzj(xa" ")

I
> -
1ol M >
—_ =

(h — i) multzg) (xa' ). (IV.14)

1

.
I

Moreover, the number of components in G cannot exceed the number of vertices in V(G),
so ¢(G(j)) <m. Now as n > (h — 1)(2m — 1) and r; > 2, we have the following which

proves (IV.12) for h > 3.
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1 1
wn(l—E) —n—i—m—l—thm(rj (I—E) —1>+m+1

—%)%—(h—l)mm(l—%) —hm+m+1
((h—1)rj—h))—m<h;1rj—1)+1

+m((h =1y~ h) (1—%) +1

+m(h—2) (1—%)“

h3 —4h?> +5h — 2
h(h —1)

|
+
3

V4
S
3
/N /\/\/‘\/}:\/\/\/‘\/‘\/‘\

|

>~ = = = R e SR e

N~ e T N N N

+

()
=rym | 1= +(1_h(h1—1))m
>rm (11— )+ (1—h(h1_1))c(g(1))
= (1= 1) - 7 (4592) g
>rm (1 %) - % :(h — i) multz() (+0" ™) + c(G(5))

IV.4.2 Connected Detachments By [8, Theorem 1.1], in the fair

(cr,n — m)-detachment H of F, H(j) is connected if and only if

degr( (@) —wa(F(5)) = n—m—1. (IV.15)

In (IV.11), we showed that

IN

wa(F (7)) < (rj = 1)(n—m) + L.
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Moreover, recall that degz;(«) = r;(n —m). Hence

degf(j)(oz) —wo(F(j)) =>riin—m)—(r; —1)(n—m)—1=n—m—1.
This completes the proof of Theorem IV.0.3.

IV.5 Proof of Theorem IV.0.4

Suppose that n > (h —1)(2m — 1) and (n, h, \,r) is admissible where

s=(81,...,8),r = (r1,...,7;) such that

Bl 3 2 ()

ieB i€[k]\[g]

where AC{ic[k]|r,>2},B={icq]|ri#s}, mi:=ri—1ific A and 7; :=r; if

i € [k]\A. Assume that a partial s-factorization of G C G, := AK" is given such that G(i)
is r;-irregular for i € A. By Theorem IV.0.3, it suffices to extend the given partial
s-factorization of G to a partial r-factorization of G; in such a way that no component of
color class 7 of the partial r-factorization of G; is r;-regular for i € A.

Let F be a hypergraph whose vertex set is {a} and has )\(’ZL) copies of an edge of the form
{a"}. We color the edges of F such that

( MJ for i € [g]\(AN B),

(”_Si_DmJ fori € AN B,

multzg;) () <

TZ;LTLJ for i € ([K]\[g])\A,
K _WJ for i € An ([k]\[q]),



By [5, Theorem 4.1], there exists an m-vertex hypergraph H obtained by replacing the
vertex o of F by m new vertices ay, ..., a,, in H, and replacing each a-edge by an edge of
the form U where U C {ay,...,an}, |U| = h such that the edges incident with « (in each
color class of F) are shared as evenly as possible among a4, ..., a,, in H in the following

way.

multy (U) = multf(ah)/(’;;‘) - )\(TZ)/(ZZ) — A YU C{an,...,an}, U] = I

. degriy(a)  hmultzg)(a?)

(

Tj—

Sj for j € [g]\(AN B),

rj—s;—1 forje ANDB,

IA

", for j € ((K\[a)\4.

ry—1 for j € An([k]\[g])-

\

To obtain a partial r-factorization of Gy, we color each edge of G;\G with color of the
corresponding edge in H. Recall that no component of color class ¢ of the partial
s-factorization of G is r;-regular for i € A. Hence, G, (7) is r-irregular for i € A, and we are

done.
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