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TOWARDS CONSTRUCTING VERTEX ALGEBROIDS

NICHOLAS J. KLECKI

94 Pages

The notion of vertex algebroids were introduced in the late 1990’s as a crucial tool
for the study of chiral differential operators and chiral de Rham complex. Vertex algebroids
play vital role in the study of N-graded vertex algebra. Also, they have deep connection
with representation theory of Leibniz algebras. However, the classification of irreducible
modules of vertex algebroids is not completed.

The aim of this thesis is to investigate the possibility of using the simple Lie algebra
(G5 and its irreducible modules to construct vertex A-algebroids B that contain Gg as their
Levi factor. Under very mild and natural assumptions, I find some exact properties on the

algebraic structure of A and B that will provide precise algebraic structure of the vertex

A-algebroid B.
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CHAPTER I: INTRODUCTION

In the late 1990’s, the notion of vertex algebroid was introduced by Gorbounov,
Malikov and Schechtman for the study of chiral differential operators and chiral de Rham
complex [GMS, MS1, MS2, MSV]|. Since then vertex algebroids have been played a
prominent role in the study of representation theory of N-graded vertex algebras (see
[BuY, GMS, MS1, MS2, MSV, JY1, JY2, LiY1, LiY2]). However, the classification of
vertex algebroids is far from being completed. It is primarily important for us to attempt
to classify simple vertex algebroids.

There has been some progress towards the study of representation theory of vertex
algebroids. Jitjankarn and Yamskulna investigated the algebraic structure of vertex
A-algebroids B such that B are semisimple Leibniz algebras that have the simple Lie
algebra sly as their Levi factor [JY1]. Also, Bui and Yamskulna generalized the results in
[JY1] by studying the algebraic structure of any vertex A-algebroids B as modules of the
simple Lie algebras, and showed that if s/, is contained in B then A is a local algebra. In
addition, Bui and Yamskulna constructed vertex algebroids B, from Lie algebras g of
ADFE-type and their modules. They showed that under a suitable condition, the vertex
algebroids B are equivalent to the constructed vertex algebroids By (|BuY]).

In this thesis, I investigate a possibility of constructing vertex algebroids that
contain the simple Lie algebra G5 as its Levi factor. Precisely, under the assumption that
A is a commutative associative algebra and B is a Leibniz algebra that is a direct sum of
two irreducible GGo-modules that are both isomorphic to the simple Lie algebra G, I study
some necessary algebraic structure of A and B that will give the precise algebraic structure
of the vertex A-algebroid B.

This thesis is divided in the following way. In Chapter II, I will provide necessary
background on representation theory of Lie algebras, leibniz algebras. I introduce the
notion of vertex algebroids and supply their properties. Also, I include recent developments

on representation theory of vertex algebroids at the end of Chapter II. This will help lay



the groundwork for the partial construction of our vertex algebroid. In Chapter III, I will
first layout the necessary assumptions that we need to have in order to construct vertex
A-algebroid B. Next, I state the main results in Chapter III subsection I11.1.3 and provide
the proofs of the stated results in subsection II1.2, and subsection III.3.

It should be noted that due to the selection of the wrong choice of Gy-module, there
was a lot of time attempting to construct a vertex algebroid in the beginning that did not

work out. As a result, I could only obtain a partial construction of the vertex A-algebroid

B.



CHAPTER II: BACKGROUND
In this section, we will provide the necessary background information in order to be
able to understand the new work. First, we will look at some information on Lie algebras
and modules. Then we will look at Leibniz algebras and modules. In addition, we will also
cover the idea of a 1-truncated conformal algebra. Finally we will cover the idea of a vertex
algebroid. The main work in this paper works very closely with the vertex algebroid and

Lie algebra properties.

II.1 Lie Algebras

Definition 1. [Hu/
We define a Lie algebra to be a vector space g over C endowed with an operation
[, ]:9xg— g called the bracket or commutator. The bracket satisfies the following three

arioms:

1. Bilinearity: Ya € C and Vx,y, z, € g, we have

lax 4y, 2] = [ax, 2] + [y, 2] = alz, 2] + [y, 2].

2. Alternativitity: Yo,y € g we have

[xﬂﬂ =0= [I>y] = —[y,:v].

3. Jacobi Identity: Vx,y,z € g

[:Ev [y,ZH + [yv [Z,:L‘H + [Z, [x,y]] =0.

Definition 2. /[FLM]



Let g be a Lie algebra and let (-,-) be a bilinear form on g a bilinear map from g x g to C.

Then (-,-) is said to be invariant or g-invariant if

([w. 9], 2) + (y, [2,2]) = 0

or equivalently, for x,y,z, € g we have

<[ZL’, y]? Z> = <Z‘, [ya Z]);
also known as the associativity of (-, -).

Definition 3. [Hu/

A subspace I of a Lie algebra g is called an ideal of g if [g,I] C I.

Definition 4. [Hu/
A Lie algebra g is said to be simple if g is nonzero and has no proper ideals and if the

dimg > 1 (i.e., g is not abelian).

Example 1. [Hu/ (Simple Lie algebra sly)

Let sly be a vector space over C that is generated by basis vectors E, F', H, where

1 0 01 0 0
H= L E=  F=
0 -1 0 0 10
Let [, ]: sly x sly — sly be a bilinear product defined by [A, Bl = AB — BA for all

A, B € sly. Then, (sly,[, ]) is a Lie algebra. In particular, we have

[H,E| =2E, |H,F] = —2F, |E,F| = H.

Moreover, (sla, [ , ]) is a simple Lie algebra over C.

Example 2. [HF] (Simple Lie algebra Gs)
Let Gy be a vector space over C that is generated by the following standard basis vectors

Hy,Hy, X1, ..., X6, Y1, ..., Y. Let [, | 1 Go X Go — G4 be a bilinear map such that

1. [A,B] = —[B, A] for A,B € Gy;



2. [Hi,H;] =0 for alli,j € {1,2};

3.
[HlaXl] - 2X17 [Hla}/l] - _2}/17 [H17X2] - _3X27 [Hlayé] = 3}/27
[H17X3] = _X?n [Hlayé] == }/E’n [H17X4] = X47 [th] = _}/217
[H17X5] = 3X57 [Hla}/})] = _3Y'57 [H17X6] = Oa [Hlv}/G] = 07
[H27X1] - _Xh [H27}/1] = }/17 [H27X2] = 2X27 [H27}/2] = _21/27
[H27X3] = X37 [H27}/33] = _}/37 [H27X4] = 07 [H27}/;1] = 07
[Hy, X5) = — X5, [Hy, Ys] = Y5, [Hy, X¢| = X, [Ha, Ys] = —Y5
4.
[Xla}/l] = H17 [XlaXZ] = X37 [Xla}/é] = 07 [X17X3] = 2X47 [Xla}/?)] = _3}/27
[X17X4] = _3X57 [Xla}/;l] = _2}/37 [X17X5] = 07 [X17}/5] = }/;b
[X17X6] = 07 [X17}/E3] = 07
.
[}quQ] = 07 D/la}/Z] = _}/37 D/DXS] = 3X27 [Y'l?}/é] = _2)/217
[}/vlaX4] = 2X37 [}/’17}/;1] - 3}/57 [)/17X5] == _X47 [}/17}/5] == D/vluXG} = [YbY(S] = 07
6.

[X27§/2] = H27 [X27}/:3] = }/17 [X27X5] = _X67 [X27}/6] = }/57

(X2, X3] = [Xo, Xo] = [Xo,Ya] = [Xo, V5] = [Xo, Xe] = 0,



10.

11.

[Y2’X3] - _X17 [Y27}/5] - Y67 [}67X6] - _X57

[Ya, Y3] = [V, Xu] = [V, Y4] = [Y2, X5] = [V, ¥5] = O,

[X37Y3] - Hl + 3H27 [X37X4] - _3X6a [X37Y4] - 2Y17 [X37)/6] - Y;;

(X5, X5] = [X3, V5] = [X3, X¢] =0,

[}/3’X4] = _2X17 [}/37Y4] - 3%7 [)/237X6] = _X47

[Ys, X5] = [Y3,Y5] = [V3,¥5] = 0,

(X4, Yy = 2H, + 2H,, [X,,Y5] = —Y1, [Xy, Y] = —Y3,

[X47X5] - [X47X6] = 07

[Ya, X5] = Xi, [V, Xe] = X5, [Ya,Y5] = [Y4, Ye] = 0,

[X57}/%] - Hl + H27 [X57}/6] — _}/27 [X57X6] - 07



[)/57X6] - X27 [Y%7Y6] = Oa

(X6, Ys] = Hy + 2H,.

Then (Ga,| , ]) is a simple Lie algebra.

Definition 5. [Hu/ Let g be a Lie algebra and let V be a vector space. Then V is called a

g-module if there is a bilinear map

gxV =V
(x,v) =z v

such that

2,y v=2-(y-v)—y-(z-v)

or

- (y-v)=y-(z-v)+ 2,y v
forz,yeg,veV.
I1.2 Leibniz Algebras
Definition 6. [DMS, FM]

1. A left Leibniz algebra £ is a C-vector space equipped with a bilinear map

[, ]: £ x £ — £ satisfying the Leibniz identity
[a, [b, c]] = [[a, 8], c] + [b, [a, c]]

for all a,b,c € £.

2. A right Leibniz algebra L is a C-vector space equipped with a bilinear map



{, }:LxL— L satisfying the identity

{{u’ U}7w} = {{uvw}7v} + {u7 {U7w}}

for all u,v,w € L

Example 3. Fvery Lie algebra is a left Leibniz algebra and right Leibniz algebra.

Definition 7. [DMS]

1. Let £ be a left Leibniz algebra over C. Let I be a subspace of £. I is a left
(respectively, right ) ideal of £ if [£,1] C I (respectively, [I,£] C I). I is an ideal of £

if it is both a left and a right ideal.

2. Let (£,],]) be a left Leibniz algebra. The series of ideals

Lce@ce®cge

where £ = [£, €], 0D = [£0) £0)] js called the derived series of £. A left Leibniz
algebra £ is solvable if £™) = 0 for some integer m > 0. As in the case of Lie
algebras, any left Leibniz algebra £ contains a unique mazimal solvable ideal rad(L)

called the the radical of £ which contains all solvable ideals.

Example 4.
We define Leib(£) = Span{ [u,u] | uw € £ } = Span{[u,v] + [v,u] | u,v € £}. Leib(£) is an
ideal of £. Moreover, for v,w € Leib(£), [v,w] = 0. Leib(£) is a solvable ideal.

Definition 8. /[DMS]/

1. A left Leibniz algebra £ is simple if [£, £] # Leib(£), and {0}, Leib(L), £ are the

only ideals of £.

2. A left Leibniz algebra £ is said to be semisimple if rad(£) = Leib(£).

8



Proposition 9. (/Ba/, [DMS])
Let £ be a left Leibniz algebra. Then

1. there exists a subalgebra S which is a semisimple Lie algebra of £ such that
£ = S+rad(L). As in the case of a Lie algebra, we call S a Levi subalgebra or a Levi
factor of £;

2. if £ is a semisimple Leibniz algebra then £ = (S1 ® Sa @ ... ® Sy)+Leib(L), where S;

is a simple Lie algebra for all 1 < j < k. Moreover, [£, £] = £;

3. if £ 1s a simple Leibniz algebra, then there exists a simple Lie algebra S such that

Leib(£) is an irreducible module over S and £ = S+ Leib(£).

Definition 10. [/JY1/
Let (£,], ]) be a left Leibniz algebra over C. A left £-module is a vector space M equipped
with a C-bilinear map £ x M — M; (u, m) — u-m such that

([w,v]) m=wu-(v-m)—wv-(u-m) for all u,v € £, m € M.

Remark 11. [JY1]

Let £ is a left Leibniz algebra. For any £-module M, Leib(£) acts as a zero on M.



I1.3 Vertex Algebroids

Definition 12. /GMS]
A 1-truncated conformal algebra is a graded vector space C' = Cy @ C equipped with a
linear map 0 : Cy — Cy and bilinear operations (u,v) — u;v fori = 0,1 of degree —i — 1 on

C = Cy & Cy such that the following axioms hold:

1. (Derivation) for a € Cy, u € Cy,

(0a)g =0, (da); =—ag, O(upa) = ugda;

2. (Commutativity) for a € Cy, u,v € Cf,

upa = —agl, UL = —vptt + A(ugv), UV = V1U;

3. (Associativity) for o, B,y € Cy @ C4,

@By = By + ()i

Definition 13. /Bri, Br2, GMS]
Let (A, *) be a unital commutative associative algebra over C with the identity 1. A vertex

A-algebroid is a C-vector space I' equipped with

1. a C-bilinear map Ax T — T, (a,v)— a-v such that 1-v=wv (i.e. a nonassociative

unital A-module),
2. a structure of a Leibniz C-algebra [, | : T'x T' = T,
3. a homomorphism of Leibniz C-algebra m : T' — Der(A),
4. a symmetric C-bilinear pairing ( , ): T ®@c — A,

10



5. a C-linear map 0 : A — T such that m o = 0 which satisfy the following conditions:

a-(a-v)—(axd) v=mr()(a) dd)+r)(d)-da),
[u,a-v] = 7(u)(a) - v+a-[u,],

[w, ] + [v, u] = O((u, v),

(a-v) = ar(v),

{a-u,v) = ax(u,v) = m(u)(r(v)(a)),

m(0)({or, v2)) = {[v, 01, v2) + (vr, [0, va]),
da*d)=a-0(a)+d - a),

[v,0(a)] = A(m(v)(a)),

{v,0(a)) = 7(v)(a)

fora,a’ € A, u,v,v1,v9 €T.

Proposition 14. [LiY1]
Let (A, %) be a unital commutative associative algebra and let B be a module for A as a
nonassociative algebra . Then a vertex A-algebroid structure on B exactly amounts to a

1-truncated conformal algebra structure on C'= A & B with

a;a’ =0,
upv = [u,v], wv = (u,v),

woa = m(u)(a), agu = —upa

fora,a’ € A, u,v € B, i=0,1 such that

a-(a-u)—(axd) -u=(uya)-da' + (upa) - da,

uo(a-v) —a- (ugv) = (upa) - v,

11



up(axa') = ax* (upa') + (upa) * a',
ap(a’ - v) = a' * (agv),
(a-u)_1v =ax* (u_1v) — ugvoa,

daxd)=a-0(d)+d-0(a).

1I.3.0 Some Recent Known Results

Proposition 15. [JY1]

Let B be a vertex A-algebroid such that dim A < oo and dim B < oo.

1. Assume that B is a simple left Leibniz algebra satisfying the conditions that
Leib(B) # {0}, and that its Levi factor S = Span{e, f,h} such that e f = h,
hoe = 2e, hof = —2f, and ey f = ke € (Ce)\{0}. Then

(Z) €1e = flf = Blh = flh = 0, k= 1, hlh = 2e.
(ii) Ker(0) = Ce

(7ii) Leib(B) is an irreducible sly-module of dimension 2. Moreover, as a sla-module,

A is a direct sum of a trivial module and an irreducible sly-module of dimension 2.

() A is a local algebra. Let Ay be an irreducible sly-submodule of A that has
dimension 2. Let ag be the highest weight vector of Ay of weight 1 and let a1 = foao.
Hence, the set {ag, a1} forms a basis of Ao, the set {e,ag, a1} is a basis of A, and the
set {0(ap),0(a1)} is a basis of Leib(B).

Relationships among ag, ay, e, f, h,0(ag),d(a1) are desribed below:

(9(ap))re =0, ((ao))1f = a1, (9(ao))1h = ao,
(0(a1))1e = ag, (A(a))1f =0, (9(a1))ih = —ai,

ap-e=0, ap- f=0(a1), ap-h=0(ap), ap-9(a;) =0 forie {0,1},

12



a;-e=0(ap), a1- f=0, a;-h=—-09(a1), a1 -9(a;) =0 fori e {0,1},

a;xa; =0 for alli,j € {0,1}.

2. Assume that B is a semisimple left Leibniz algebra satisfying the conditions that
Leib(B) # {0}, Ker(0) = {a € A | upa =0 for all u € B}, and its Levi factor
S = Span{e, f,h} such that eqf = h,hge = 2e,hof = —2f and e, f = ke € Ce\{0}.

We set A = Ce @'_; N7 where each N7 is an irreducible sly-submodule of A. Then
(i) ere = fif =eth= fih =0, k=1, hih = 2¢;

(ii) Ker(0) = Ce;

(iii) For j € {1,...,1} dim N7 = 2, and dim Leib(B) = 2I;

(iv) A is a local algebra. For each j, we let ;o be a highest weight vector of N7 and
aj1 = folajo). Then {e,a;; | j € {1,.....1}, i € {0,1}} is a basis of A, and
{0(a;;) | 7 €{1,...1}, i € {0,1}} is a basis of Leib(B).

Relations among a;;, e, f,h,0(a;;) are described below:

Qji* Ay 1 = O, Ajo - €= 07 ajq-€= 8(aj70),
aj’o . f = 8(6%‘71), aﬂ . f = 07 am . h = 8(aj70), aﬂ . h = —8(@771),
aj7i . a(ajg,v) = 0, 6(aj,i)1e = Bg(ljJ‘ = (2 — Z')ajﬂ'_l,

8(ajyi)1f = f()aj,i == (2 + 1)aj77;+1, a(&jyi)lh = hoa,jyi = (1 — Qi)aM.

Theorem 16. /BuY]/

Let (A, %) be a finite dimensional commutative associative algebra with the identity 1 such
that dim A > 2. Let B be a vertex A-algebroid that is not a Lie algebra. Assume that there
exist e, f,h € B such that eqf = h, hoe = 2e, hof = =2f, hoh = 0, Span{e, f,h} is a Lie

algebra that is isomorphic to sly, A = Cil ®!_; N* where N' are irreducible sly-modules and

13



(@i N) - B CO(A).
For each i € {1,....t}, we let a be the highest weight vector of N* of weight m®, and set
aj = %(fo)jaé' Note that {af, ....,al ;} is a basis of N* and hoa}; = (m' — 2j)d},

fody = (G + Dy, eoaf = (m' = j + Daj_y.

If erf = k1 where k # 0 € C, then
1. Ker(0) = Cl;

2. each N' is an irreducible sly-module that has dimension 2 and A is a local algebra. In

addition, fori,j € {1,....t}, s,r € {0,1}, the following statements hold:

e i i (i
as*xal. =0, ay-e=0, aj-e=09(ay),

I
|
5
—
Q
iy
N—

ah- f=0(a}), ai- f =0, aj-h=0(a}), ai-h
a - 8(a~§) =0, d(ape = epay = (2 — s)ag_,,

a1 f = foal = (s+1)al,y, 0(al)1h = hoal, = (1 — 2s)al, k= 1.

3. For a,d’ € N, we have a-e = d(epa), a- f = 0(foa), a-h = 0(hpa), a-90(a’) = 0.

14



CHAPTER III: VERTEX ALGEBROID CONSTRUCTION FROM THE SIMPLE LIE
ALGEBRA G,

In this chapter we will cover the new ideas presented in this thesis. We will
investigate a possibility of constructing a vertex algebroid from a commutative associative
algebra (A, *) and a left Leibniz algebra B such that as Go-modules, A = C1 & N and
B =Gy ® W, where N and W are irreducible Gs-modules that are both isomorphic to Gb.
In Chapter III. 1.1 and III. 1.2, we will provide natural assumptions on A and B. In
Chapter II1.1.3, we will state the results-Theorem 17 and Theorem 18. The proofs of
Theorem 17 and Theorem 18 are in Chapter I11.2, and Chapter 111.3.

It is worth mentioning that the results in Theorem 17 will give exact structure of
the multiplication * of the commutative associative algebra A. The results in Theorem 18
will give exact structure of the symmetric bilinear function (, ) : B x B — A. The
construction is only partial, but gives a concrete foundation of how we can study vertex

algebroids as modules of a Lie algebra Gj.

II1.1 Assumptions and Main Results

We set Gy = Span{X;,Y;, H; | i € {1,..,6},5 € {1,2}}. Recall that (G2, () is a simple Lie

algebra that satisfies that following properties
1. AoB = —BOA for A,B € GQ,

(Hi)o(X1) = 2X1, (Hi)o(Y1) = =2V, (Hi)o(Xa) = —3Xa, (Hi)o(Y) = 3Ya,
(Hl)O(X3) = _X3; (Hl)O(Y},) = YE}, (Hl)o(X4) = X4, (H1)0(Y4) = _Y;h
(H1)o(X5) = 3X5, (H1)o(Ys) = —3Ys5, (Hi)o(Xe) =0, (Hi)o(Ys) =0,

(H2)o(X1) = = X1, (H2)o(Y1) = Y1, (Hy)o(X2) = 2Xs, (Ha)o(Y2) = —2Y5,

15



(H2)o(X3) = X3, (H2)o(Y3) = —Y3, (H2)o(Xs) =0, (Ha)o(Ys) =0,
(H2)o(X5) = = X5, (H2)o(Ys) = Y5, (H)o(Xe) = Xe, (H2)o(Ys) = —Y5
(X1)o(Y1) = Hy, (X1)o(Xa) = X35, (X1)o(Y2) =0, (X1)o(X3) = 2Xy,

(X1)o(Ys) = =3Ya, (X1)o(Xa) = =3X5, (X1)o(Ya) = —2Y5, (X1)o(X5)

(X1)o(Ys) = Y, (X1)o(Xe) =0, (X1)o(¥s) =0,

(Y1)o(X2) =0, (Y1)o(Y2) = —Y3, (Y1)o(X3) = 3X, (Y1)o(¥3) = 25,
(Y1)o(Xs) = 2X3, (Y1)o(Ya) = 3Y5, (Y1)o(X5) = =Xy,

(Y1)o(¥s) = (Y1)o(Xe) = (Y1)o(Ys) = 0,

X3)o(Ys) = Hy + 3Hy, (X3)o(Xa) = —3Xe, (X3)o(Ya) =2Y1, (X3)o(Ys)

X3)o(X5) = (X3)0(Ys) = (X3)o(Xs) =0,

Y3)o(Xa) = —2X1, (Y3)o(Ya) = 3Y5, (Y3)o(Xe) = —Xu,

Y3)o(Xs5) = (Y3)o(¥s) = (¥3)o(¥s) = 0,
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(Xa)o(Va) = 2Hy +2Hs, (Xa)o(Y3) = =i, (Xa)o(Yg) = Vs,
(X1)o(X5) = (Xa)o(Xs) =0,

(Yi)o(Xz) = X1, (Yi)o(Xe) = Xa, (Yi)o(¥s) = (Ya)o(Ye) = 0,
(Xs)o(Ys) = Hy + Ha, (Xs)o(¥s) = —Ya, (Xa)o(Xe) =0,
(¥)o(Xs) = Xa, (Y)o(Ye) =0,

(X6)o(Ys) = Hy + 2H,.

I[I1.1.0 Assumption I
We set N = Span{z*,y*,h’ | i € {1,...,6},5 € {1,2}}. Assume that N is isomorphic to G5

as Lie algebras. Hence, one can easily see that GG acts on N in the following way:
1. (H;)-(hj) =0foralli,je{1,2};

2.

(Hy) - (21) =221, (Hy) - (1) = =2y, (Hy) - (22) = =322, (H1) - (y2) = 3¢,
(Hy) - (x3) = =z, (H1) - (ys) = ys, (Hy) - (24) = 7, (H1) - (92) = =,
(Hy) - (w5) = 35, (H1)- (ys) = =3ys, (H1) - (ze) =0, (H1) - (ys) =0,

(Hz) - (x1) = =21, (Ha) - (1) = w1, (Ha) - (22) = 232, (Ha) - (32) = =210,
(Hz) - (x3) = w3, (H2) - (y3) = —ys, (H2) - (24) =0, (H2) - (y1) =0,

(Ha) - (25) = =5, (H2) - (y5) =ys, (H2) - (w6) = w6, (H2) (Ys) = —¥s

(X1) - (y1) = ha, (X3) - (22) = w5, (X3) - (y2) = 0, (X1) - (w3) = 24,

(X1) - (y3) = =3y2, (X1) - (24) = =35, (X3) - (ya) = =25, (X1) - (25) =0,
(X1) - (y5) = v, (X1) - (w6) =0, (X1) - (16) =0,

(Y1) - (22) = 0, (V1) - (y2) = =Y3, (V1) - (23) = 3z, (V1) - (43) = =20,
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(Y1) - (w4) = 223, (Y1) - (y4) = 3ys, (V1) - (75) = —24,

(Y1) - (y5) = (Y1) - (w6) = (Y1) - (w6) = 0,

3.
(X2) - (y2) = ha, (X2) - (y3) =1, (X2) - (25) = —w6, (X2) - (y6) = us,
(X2) - (23) = (X2) - (24) = (X2) - (1) = (X2) - (y5) = (X2) - (w6) =0,
(Ya2) - (23) = —a1, (Y2) - (y5) = w6, (Y2) - (w6) = —as,
(Y2) - (y3) = (Y2) - (2a) = (Y2) - (ya) = (Y2) - (w5) = (Y2) - (ys) = O,
(X3) - (ys) = ha + 3ha, (X3) - (24) = =3, (X5) - (ya) =201, (X3) - (Ys) = va
(X3) - (25) = (X3) - (y5) = (X3) - (w6) =0,
(¥3) - (1) = =221, (Y3)o(ya) = 3ye, (Y3)o(xe) = —24,
(¥3) - (25) = (Y3) - (y5) = (Y3) - (ys) =0,
4

(Xa) - (a) = 2h1 + 2Dy, (X4) - (y5) = =91, (Xa) - (Y6) = —¥s,
(X4) - (25) = (24) - (w6) = O,

(Ya) - (w5) = @1, (Ya) - (w6) = 23, (Ya) - (y5) = (y4) - (v6) = 0,
(X5) - (ys) = ha + ha, (X5) - (ys) = =42, (X5) - (z6) =0,

(¥s) - (w6) = w2, (¥5) - (ys) = 0,

(X6) - (ys) = h1 + 2hs.

II1.1.0 Assumption II
We set
A=Cl@ N.
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Clearly A is a Gy-module.

Next, we set

B = Spcm{Xz,Y;,H],a(mz),ﬁ(yz),a(h]) | 1€ {1, ,6},] S {1,2}} = GQ s> 8(14)

Here 0 : A — B is a G3-homomorphism. Note that (B,y) is a left Leibniz algebra where

(u+m)o(v+n)=uv+u-n

for u,v € G, m,n € 9(A) (cf. Example 18 of [JY1]).

II1.1.0 List of Results

Theorem 17. Let A and B be defined as above. Hence, A and B must satisfy assumption
I and assumption II. Assume that (A, x*) is a commutative associative algebra. Then the

multiplication x of A satisfies the following relations:

T1xx1 =0, Taxxo =0, x3%x23=0, 24%x24 =0, x5xx5 =0, 26 *x x5 =0,
T1x29 =0, z1x23=0, z1%x24 =0, z1x25=0, 1 %26 =0,

Toxwz =0, xoxxy =0, x9%x x5 = Perg for some Bg € C, x9 x x5 =0,

T3xxy =0, z3%x25=0, 23%x26 =0, z4x25 =0, x4 %24 =0, x5 x5 =0,
Py =0, yaxy2 =0, Ysxys =0, yaxys =0, Y5 % y5 =0, Yy *ys = 0,

Y1 % Yo = cgys for some c3 €C, y1xys =0, y1xys =0, y1xys =0, y1 *ys =0,
Yoxys =0, yaxys =0, y2 xy5 = Y626 for some 16 € C, y2 *x ys = 0,

Ys*xys =0, ys*ys =0, Yz x Y6 =0, yaxys =0, ya*xys =0, Y5 xys = 0,

Ty * Y = dlhl + thQ fOT’ some dl, d2 & C, T * Yo = d21h1 + d22h2 fO?” some d217 d22 S C,
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r3* Y3 = T1hy + Toho for some 71,79 € C, T4 % Yy = TugTs + XasYs for some Tug, Xa6 € C,

T5 % ys = ds1hy + dsaha for some ds1,dsz € C, 26 % Yo = dg1ha + de2ha for some dgi1, dea € C,
1 %Yo =0, z1%xy3s =0, x1xys =0, 21 *xys = bi524 for some b5 € C, x1 *xyg = 0,

Tg * Y3 = Casly for some ca3 € C, Toxys =0, 2o xys =0, X2 % Yg = TogYs for some o6 € C,
X3 * Yo = boxy for some bzs € C, x3xyys =0, x3*xys =0, x3 % ys = bsgxs for some bsg € C,
Tyxyp =0, xyxys =0, Taxye =0, x5xy1 =0, T5%y3 =0, w5%ys =0,

T5 % Yg = Csela for some csg € C, w6 xyp = 0, xg* yo = Peaxs for some Pgo € C,

Te * Y3 = YeaYa for some Ye3 € C, T x ys = 0, 6 *x Y5 = Y6522 for some vp5 € C,
Y1x02=0, y1xx3=0, y1*24 =0, ya*x 15 =0, ysx x4y =0,

hi*x1 =0, hy * 29 = boxy for some by € C, hy * x3 = bgxs for some by € C, hy x x4 = 0,
hi x x5 = bsxs for some bs € C, hy x xg = bgxg for some bg € C,

he x x1 = P11 for some B1 € C, hy xx9 =0, hg * x3 = [3x3 for some B3 € C,

ho xxy =0, hg * x5 = Bsxs for some B € C, hy x x4 = perg for some pg € C,

hy xy1 =0, hi *xy2 = paya for some ps € C, hy * y3 = psys for some ps € C, hy *y, = 0,
hi * ys = psys for some ps € C, hy * ys = c16x¢ for some c16 € C,

ho * Y1 = co1y1 for some co1 € C, hy xys =0, hg xy3 =0,

ho *yy = 0, hg x ys = co5ys5 for some co5 € C, hg * yg = cogys for some co6 € C,

hixhy =0, hy *hy =0, hg % hy =0,

x3 % (hy + 3he) =0, 5% (—2h; — 2hy) =0, y3 * (2hy + 6h2) =0, yy * (4hy + 6hy) = 0,

Ys * (2h1 + 2h2) =0, yg * (2h1 + 4h2) = 0.

Theorem 18. Let A and B be defined as above. Therefore A and B satisfy assumption [

and assumption II. Assume that (A,x*) is a commutative associative algebra. Let

20



(,):Bx B — A be a symmetric C-bilinear pairing such that

uo(v,w> = <u07}7w> + <U’ u0w>v <a(a)>g> =g a, <8(a)v 8(a/)> =0

fora,a € A, g € g, u,v,w € B. Then ( , ) satisfies the following properties

(X1,X1) =0, (X, X5) =0, (X3, X3)=0, (X4, X4) =0, (X5,X5) =0, (Xg,Xs) =0,

(X1, X0) =0, (X1,X3) =0, (X1,X4) =0, (X1,X;5) =0, (X31,Xs) =0,

(X2, X3) =0, (Xo,Xy) =0, (Xo,X5) = baszg for some bgs € C, (Xo, Xg) =0,

(X3, X,4) =0, (X3,X5) =0, (X3,X6) =0, (X4, X5) =0, (Xy4,X6) =0, (X5,X6) =0,

(Y1,Y1) =0, (Y2,Y2) =0, (¥3,Y3) =0, (¥}, Yy) =0, (¥5,¥5) =0, (¥, ¥) =0,

(Y1,Y2) = cioys for some c1 € C, (Y1,Y3) =0, (Y1,Ys) =0, (Y1,Y5) =0, (Y1,Y5) =0,

(Yo, Y3) =0, (Ya,Yy) = 0,(Y2,Ys5) = cas6 for some co5 € C, (Y2,Y5) =0,

(Y3, Yo) =0, (¥3,Y5) =0, (¥3,Y5) =0, (Yy,Y5) =0, (Y3, Ye) =0, (¥5,¥5) =0,

(X1,Y1) = di1hy + dighy for some dy1,dis € C, (X, Y2) = dorhy + daghs for some day, dag € C,
(X3,Y3) = ds1hy + dsphy for some dsy, dsy € C, (X4, Ys) = Taa6 + Xaays for some Tyy, xaa € C,
(X5,Y5) = ds1hy + dsaho for some dsy, dso € C, (Xg, Ys) = dg1hy + deaho for some dgy, dgo € C,
(X1,Y2) =0, (X1,Y3) =0, (X3,Y) =0, (X1,Y5) = piszy for some p15 € C, (X1,Ys) =0,
(Xo,Y3) = Togy1 for some 193 € C, (X5,Yy) =0, (X5,Y5) =0, (Xo,Ys) = Ta6ys for some 196 € C,
(X3,Ys) = T30y for some 130 € C, (X3,Yy) =0, (X3,Y5) =0, (X3,Ys) = 13623 for some 136 € C,
(X1, Y2) =0, (Xq,Y5) =0, (X4, Y5) =0, (X5,Y1) =0, (X5,Y3) =0, (X5,Ys) =0,

(X5, Ys) = 56y for some 156 € C, (Xg,Y1) =0, (X, Ys) = T2x5 for some 1g9 € C,

(X6, Y3) = T63ys for some 143 € C, (Xg,Ys) =0, (X, Ys) = pesxa for some ugs € C,

(Y1,X5) =0, (Y1,X3) =0, (Y1,X4) =0, (Y2, X5) =0, (Y3, Xy) =0,

(Hy,X1) =0, (Hy, X5) = biaxy for some by € C, (Hy, X3) = bisgxg for some bz € C,
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(Hy,X4) =0, (Hy, X5) = bisxs for some by € C, (Hy, Xg) = bigxs for some byg € C,
(Ho, X1) = boyx1 for some by; € C, (Hy, Xo) =0, (Hs, X3) = bozxs for some beg € C,
(Ho, X4) =0, (Hy, X5) = Bosxs for some [as € C, (Ho, Xg) = Pogrs for some Pog € C,
(H1,Y1) =0, (Hq,Ys) = v12yo for some 12 € C, (Hy,Y3) = v13y3 for some 13 € C,
(Hy,Yy) =0, (Hy,Ys5) = 15y5 for some 115 € C, (H1,Ys) = pisxe for some pis € C,
(Hy, Y1) = paryn for some py1 € C, (Ha,Yz) =0, (Ha,Y3) =0,

(Hy,Yy) =0, (Hy,Y5) = pasys for some pas € C, (Ha,Ys) = pasys for some pas € C,
(Hy,H,) =0, (Hy,Hy) =0, (Hy, Hy) =0,

(X3, (Hi +3Hz)) =0, (X5, (=2H, — 2H,)) =0, (Y3, (2H, + 6Ha)) = 0,

(Ya, (AH, + 6Hy)) = 0, (Ys, (2H, + 2H,)) = 0, (Ys, (2H, + 4H,)) = 0.
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I11.2 Proof of Theorem 17
1I1.2.0 Lemma 19-Lemma 30

Lemma 19. We have x1 * x1 = 0.

6 6
Proof. We set x1 xx1 = al + > biz; + Y ¢jy; + dihy + dahe where a, b;, ¢;,dy, dy € C. Since
i=1 j=1

(Hi)o(wy xx1) = ((Hy)ow1) * 21 + 21 % ((H1)ox1)
=2x1 *xx1 + X1 * 221

=4x * 11

and
6 6
(Hl)o(al + Z bZZL‘Z + Z CiY; + dlhl + dghg)
=1 =1
= bl(ZZL‘l) + bg(—gl‘g) + 23(—1'3) + b4($4) + b5(3£L‘5) + bG(O)
+c1(=2y1) + c2(3y2) + c3(ys) + ca(—ya) + ¢5(—=3ys) + ¢6(0)
we have

6 6
4(al + Z bix; + Z c;y; + dihy + dahs)
i=1 Jj=1

= 61(2331) + bg(—3$2) + b3(—$3) -+ 64(334) + b5(33§5) + 56(0)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Consequently, we have
a:O,bl:O:bg:bg:b4:b5:b6701:O:CQZC3ZC4:C5:CG,CZ1:Ozdg.

Therefore 2, x x; = 0. O

Lemma 20. We have x9 * x5 = 0.

23



6 6
Proof. We set g % 9 = al + > bix; + Y ¢;jy; + dihy + dahy where a,b;, ¢, dy,dy € C.
. =

=1

Because
(Hi)o(ra *xx2) = ((Hi)owz) * 12 + w2 * ((H1)oT2)
= —3T9 * Tg + To * —3T2
= —6w9 * 19
and
6 6
(Hi)o(al + Z biw; + Z ¢jy; + dihy + dahs)
i=1 j=1
= b1<2l‘1) + bg(—?)l'g) + bg(—CL’g) + b4<l’4) + b5(3l’5) + bﬁ(O)
+e1(—2y1) + c2(3y2) + e3(ys) + ca(—ya) + c5(—3ys) + c6(0)
we have

6 6
—6(al + Z bix; + Z cjyj + dihy + dahs)

= 61(2I1) +ZZQ(—3I2) fbg(—l‘g) + b4(ZL‘4) + b5<3$5) + bG(O)
+e1(—2y1) + 2(3y2) + es(ys) + cal—ya) + ¢5(=3ys) + ¢6(0).

Hence, we see that

a=0,bp=0=by=0b3=by=0bs =bs,c; =0=cy =c3=c4 =5 =c¢6,d =0 =dy, and

To x o = 0.

Lemma 21. We have x5 * x3 = 0.
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6 6
P?"OOf. We set I3 * T3 = al + Z bzl’z + Z CiY; + d1h1 + dghg where a, bi, Cj, dl, dQ e C. Since
i=1 j=1

(H1)o(ws x x3) = ((Hi)ows) * w3 + 3 * (H1)oxs)
= —XI3* T3+ T3 * —T3

= —2r3 % T3

and

6 6
(Hl)o(a,l + Z bzl’l + Z ijj + dlhl + dghg)
i=1 =1

= b1(23§1) -+ bg(—39§2) + bg(—xg) + b4($4) + b5(3:1:5) + bG(O)

+c1(—2y1) + c2(3y2) + c3(ys) + ca(—ya) + ¢c5(—3ys) + ¢6(0)
we have

6 6
—2(al + Z bix; + Z ¢jy; + dihy + dahs)
i=1 j=1

= 191(2%1) + bz(—3$2) + bg(—.’L'g) + b4($4) + b5(3$5) + bG(O)

+c1(—=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(—3ys) + ¢6(0).

Therefore,
a:(),bl:O:b2:b3:b4:b5:b6,6220262203204265206,d1:0:d2. We
have

T3 *x T3 = Cl(yl)-

Now, we apply (Hs)o. We have

(Ha)o(zz *xx3) = ((Hz2)oxs) * 3+ w3 * ((Ha)oz3)

= T3 % T3+ T3 *T3
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= 2x3 * r3 = 2c1y; and

(Hz)o(ci(y1)) = ci(y)

Now we compare our two equations. We see that ¢; = 0. Therefore

1'3*273:0.

Lemma 22. We have x4 % x4 = 0.

6 6
Proof. We set xy x xy = al + > bjx; + > c;y; + dihy + dohy where a,b;, ¢j, dy,dy € C.
i=1 j=1

Observe that

(H1)o(wy * 74) = ((H1)oxa) * x4 + 24 % ((Hy)ow4a)
=Ty kTy + Ty * Ty

= 2x4 * XTa
and

6 6
(Hi)o(al + Y biwi+ > cjy; + dihy + dahy)
i=1 =1

= 61(2£C1) + bz(—3$2) + bg(—l’g) + b4(£€4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
2(al + Z bix; + Z ¢jy; + dihy + dahy)

i=1 j=1

= b1(2x1) + bg(—?)ZEQ) + bg(—(l]g) -+ b4(l’4) -+ b5(3$5) + bﬁ(O)
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+c1(=2y1) + ca(3y2) + ca(ys) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that

a:O,b2:0263:b4:b5:b6,0120202263204205266,d1:O:dg. We have
Ty % Ty = bl(l’1>.
We apply (Hs)o.

(Hay)o(zaxxq) = ((H2)oxy) * 4+ x4 % ((Ha)oz4)

=0

(H2)o(br(z1)) = bi(—21)

Now we compare our two equations:

We see that by = 0. Therefore

Ty x 1y = 0.

Lemma 23. We have x5 * x5 = 0.

6 6
Proof. We set x5 x5 = al + > bix; + Y ¢jy; + dihy + dahe where a,b;, ¢;,dy, dy € C. Since
i=1 =1

(Hi)o(ws * x5) = ((H1)ows) * ¥5 + x5 * ((H1)oxs)
= 3x5 * Ty + T5 * 3T5
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= 6x5 * X5

and
6 6
(Hl)o(a,l + Z bZZEZ + Z CiY; + dlhl + dghg)
=1 =1
= b1(2$1) + bQ(—?)IL'z) + 53(—.%3) + b4(£B4) + b5(3l‘5) + 66(0)
+e1(=2y1) + e2(3y2) + c3(ys) + ca(—ya) + c5(—3ys) + ¢6(0)
we have

6 6
6(&1 + Z bix; + Z c;Y; + dihy + d2h2)
i=1 j=1

= 61(2$1) + bg(—3$2) + bg(—xg) + b4(l’4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + 3(y3) + ca(—ya) + ¢5(=3ys) + c6(0).

Consequently, we have
azO,b1:O:b2:b3:b4:b5:b6,cl:0:02203204:05206,d1:0:d2.
Therefore

Tsx 5 = 0.

Lemma 24. We have xg * x¢ = 0.

6 6
P?"OOf. We set Tg * Tg = al + Z b,CL’Z + Z CiY; + d1h1 + dghg where a, bi, Cj, dl, dQ € C. Since
i=1 j=1

(Hy)o(z6 * x6) = ((Hy)ows) * x6 + 6 * ((Hy)oxe) =0
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and

6 6
(Hl)o(al + Z bZIZ + Z ijj + d1h1 + dghg)
=1 Jj=1

= 61(2I1) + bg(—3$2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(—2y1) + c2(3y2) + c3(y3) + ca(—ya) + ¢5(—3ys) + ¢6(0),
we have

0
= 61(2561) + b2(—3$2) + bg(—xg) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + e3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Therefore, a = 0,0 =0=by=b3=by =b5,c; =0=cy =c3=c4 = c5,d; =0 =dy. We
have

xg * g = bg(x6) + c6(ys)-

Applying (Hz)o to the equation zg * ¢ = bg(xg) + c6(ys), we have

(Ha)o(ws * x6) = ((H2)owe) * T6 + 6 * ((H2)owe)
— T * T + L6 * Tg
= 2T * Tg
= 2(bs(x6) + co(ys))

(H2)o(bs(w6) + co(ys)) = be(xs) + c6(—vs)-

Now we compare the above equations:

2(bs(ws) + c6(ys))
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be(6) + c6(—Ys)-

We see that bg = ¢ = 0. Therefore

g * g = 0.

Recall that

x; * x; = ; * r; where i # 7.
Lemma 25. We have x1 x x3 = 0.

Proof. Applying (X3)o to (z1 * x1), we have

0 = (XQ)O(ZL‘l * .171)
= ((X2)ow1) * 21 + 21 * (X2)0m1
= —xg %11 + 1 % (—x3)

= —2T3 * T1.

Therefore

r3*xx1 = 0.

Lemma 26. We have x; * x4 = 0.

Proof. Applying (X3)o to (z1 * z1), we have

O = (Xg)o(l‘l * .171)
= ((X3)ow1) * 21 + 21 * (X3)0m1
= —2xy % 1 + 11 * (—214)

= —4dxy * x1.
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Therefore

zaxxy = 0.

Lemma 27. We have x; *x x5 = 0.

Proof. Applying (X4)o to (z1 * z1), we have

0 = (X4)0({L‘1 k 1’1)
= ((Xa)ow1) * 71 + 21 % (X4)o71
= 35 % o1 + 21 * (3x5)

= 6x5 * x7.

Therefore

xs*xx1 = 0.

Lemma 28. We have hy x x1 = 0.

Proof. Applying (Y1)o to (x1 * x1), we have

0 = (Y1)o(x1 * 1)
= ((Y1)ow1) * w1 + 21 * (Y1)oT1
== —h1 * T + xTr1 * (_hl)

= —2hy * x1.

Therefore

hy*xx1 =0.
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Lemma 29. We have ys x x1 = 0.

Proof. Applying (Y3)o to (z1 % 1), we have

0 = (Y3)o(z1 % 1)
= ((Y3)ow1) * o1 + 1 * (Y3)oz1
= 3y *x x1 + 1 * (3y2)

= 6y2 * 7.

Therefore

yQ*.ﬁUl:O.

Lemma 30. We have y3 *x x; = 0.
Proof. Applying (Yy)o to (z1 * x1), we have
0 = (Yy)olzy *xxq)
= ((Ya)oz1) * 21 + 21 % (Ya)or1

= 2y3 * X1 + T * (2y3)

= 4y3 * 7.

Therefore

yg*mlzo.

II1.2.0 Lemma 31-Lemma 40

Lemma 31. We have y, x x1 = 0.
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Proof. Applying (Y5)o to (x1 * x1), we have

0 = (Y5)o(x1 * 1)
= ((Y5)ow1) * 1 + 21 * (Y5)0T1
= —ys *T1 + 1 * (—Yya)

= —2y4 * Xq.

Therefore

y4*$1:0.

Lemma 32. We have x9 * x5 = 0.
Proof. Applying (X1)o to (xg % z3), we have
0 = (Xl)o(xg * ZCQ)
= ((X1)ox2) * xo + x9 * (X7)ox2

= T3 % Ty + To *x T3

= 2x3 * Xo.

Therefore

T3 % Tg = 0.

Lemma 33. We have x5 x v = 0.

Proof. Applying (X5)o to (z2 * x3), we have

O = (X5)0({L‘2 *.172)
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= ((X5)0[L‘2) * To + To * (X5)OZL'2
= g * Ty + To * Tg

= 2xg * To.

Therefore

Tg * g = 0.

Lemma 34. We have xs * ho = 0.

Proof. Applying (Y2)o to (x2 % z2), we have

0 = (Y2)o(z2 * x2)
= (Y2)ox2) * w2 + 29 * (Y2)o22
= —hg * Ty + T % (—hy)

= —2hy * Tq.

Therefore

hg*[ﬁQ:O.

Lemma 35. We have x5 xy; = 0.

Proof. Applying (Y3)o to (x2 % z2), we have

0 = (Y3)o(xg * x2)
= ((V3)oz2) * 2 + 12 * (Y3)0T2
= —y1 * To+ T2 * (—y1)

= —2y; * To.
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Therefore

yl*xQZO.

Lemma 36. We have x5 * y5 = 0.

Proof. Applying (Ys)o to (x2 % z2), we have

0 = (Ys)o(zy *xx1)
= ((Ys)oxa) * 22 + w2 % (Y5)ox2
= —Y5 * To + To * (—y5)

= —2y5 * To.

Therefore

Ys * To = 0.

Lemma 37. We have x3x x4 = 0.

Proof. Applying (X1)o to (z3 * x3), we have

0 = (Xl)()(l‘g,*l’g)
= ((X1)ows) * w3 + w3 % (X1)ow3
= 21’41’3 + T3 * 21’4

= 4z, * x3.

Therefore

x4 xx3 = 0.
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Lemma 38. We have x3 * x¢ = 0.
Proof. Applying (X4)o to (x3 * x3), we have
0 = (X4)0(l’3 % [L’3)
= ((X4)oxs) * w3 + 23 * (X4)oxs

= 3% * T3 + T3 * 3Tg

= 61‘6 * 3.

Therefore

Te *x x3 = 0.

Lemma 39. We have x5 * (hy + 3hy) = 0.

Proof. Applying (Y3) to (z3 * x3), we have

0 = (Y3)o(z3*x3)
= ((Ya)ows) * w3 + 23 * (Y3)oz3
= —(hl + 3]12) * I3 + T3 * (—h1 - 3h2)

= (-2]11 — 6h2> * I3.
Therefore

(h1 4+ 3hy) x x3 = 0.

Lemma 40. We have x5 *y; = 0.
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Proof. Applying (Yi)o to (x3 * x3), we have

0 = (Yy)o(x3 * x3)
= ((Ya)ows) » w3 + a3 * (Yy)oxs
= —2y1 * 3 + X3 * =2

= —4y; * x3.

Therefore

y1*$3:0.

[11.2.0 Lemma 41-Lemma 50
Lemma 41. We have x5 xy4 = 0.
Proof. Applying (Ys)o to (x3 % x3), we have
0 = (%)0(1‘3 k l’g)
= ((Yo)oxs) * x5 + 3 x (Ys)o3

= —Ys kT3 + T3 * —Yy

= —2y4 * T3.

Therefore

yg x x3 = 0.

Lemma 42. We have x4 x x5 = 0.
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Proof. Applying (X1)o to (z4 % x4), we have

0 = (X1)0(1E4 *.174)
= ((X1)oza) * w4 + 24 * (X1)074
= —3$5 * Ty + Ty * —3:);'5

= —06x5 * T4.

Therefore

T5xxg = 0.

Lemma 43. We have x4 * x5 = 0.

Proof. Applying (X3)o to (x4 * z4), we have

0 = (Xg)o(x4 * 1'4)
= ((X3)oz4) * 14 + 24 * (X3)074
= —3xg * Ty + T4 * —3X¢

= —06xg * 4.

Therefore

Tex g = 0.

Lemma 44. We have x4 % y; = 0.

Proof. Applying (Y5)o to (x4 % 24), we have

0 = (Y5)o(wgxz4)
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= ((Y5)owa) * w4 + x4 % (Y5)024
=Y *Tg + Tg *Y1

= 2y * Ty4.

Therefore

y1xxy = 0.

Lemma 45. We have x4 % y3 = 0.

Proof. Applying (Ys)o to (x4 % 24), we have

0 = (Yg)o(zyg*xy)
= ((Y6)owa) * w4 + x4 * (Y5)oT4
=Y3k Ty + Ty ¥ Y3

= 2y3 * Ty4.

Therefore

ys x xq = 0.

Lemma 46. We have x5 x (—2hy — 2hy) = 0.

Proof. Applying (Y5)o to (x5 % x5), we have

0 = (Y5)0(a75 * %)
= ((Y5)ows) * x5 + x5 * (Y5)oxs
= —(hy + ha) * x5 + @5 % —(h1 + ha)

= —2(h1 + hQ) * Ty.
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Therefore
(-2}?,1 — 2h2) * Ty — 0.

Lemma 47. We have x5 * ys = 0.

Proof. Applying (Ys)o to (x5 % x5), we have

0 = (Ys)o(zs*x5)
= ((Ys)ows) * x5 + x5 * (Y5)oxs
= Yo * T5 + T5 * Yo

= 2y * T5.

Therefore

Yo * x5 = 0.

Lemma 48. We have xg x x5 = 0.

Proof. Applying (Y2)o to (xs * x6), we have

0 = (Y3)o(xe * x6)
= ((Y2)ows) * w6 + w6 * (Y2)oTs
= —I5 % Tg + Tg * —T5

= —2T5 * Tg.

Therefore

rs *xxg = 0.
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Lemma 49. Fori € {1,...,6}, we have y; x y; = 0.

Proof. We notice that the action of (Hy)o and (Hz)o on each respective vector in terms of

xs and y.s is just the negation of the other vector. For example,

(Hl)o(l‘l) = 214,

(Hi)o(y1) = —2y1.

Here we see that we just negate the respective variables when going back and forth

between x and y. As a result, we can simplify the calculations with y’s. Notice that since

x; * x; = 0 where 7 = j,

we can conclude that

yi * y; = 0 where 7 = j.

Lemma 50. We have y; *x y3 = 0.
Proof. Applying (Y2)o to (y; * y1), we have
0 = (¥Y2)o(yr *11)

= ((Y2)oy1) * y1 + y1 * (Y2)our

= y3 * Y1 + Y1 * (Y3)

= 2y3 * Y.
Therefore

ys xy1 = 0.
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1I1.2.0 Lemma 51-Lemma 60
Lemma 51. We have y; *xy, = 0.

Proof. Applying (Y3)o to (y; * y1), we have

0 = (YS)O(yl * yl)
= ((Y3)ov1) * y1 + 1 * (Y3)otn
= 2ys Y1 + 1 * (2y4)

= 4yg * Ty.

Therefore

yaxyp = 0.

Lemma 52. We have y; x y5 = 0.
Proof. Applying (Y4)o to (y1 * y1), we have
0 = (Ya)olyr *v1)
= ((Ya)oyr) * y1 +y1 * (Ya)own

= —3ys * y1 + y1 * (—3ys)

= —06ys * y1.

Therefore

ys * yp = 0.

Lemma 53. We have y; x hy = 0.
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Proof. Applying (X1)o to (y1 * y1), we have

0 = (X1)o(y1*y1)
= ((X1)oy1) * y1 +y1 * (X1)own
= hyxyr +y1 % (he)

= th * Y.

Therefore

hl*ylzo.

Lemma 54. We have ys * y3 = 0.

Proof. Applying (Y1) to (y2 * y2), we have

0 = (Y1)o(y2 *y2)
= ((Y1)oy2) * y2 + y2 * (Y1)oyo
= —Ys* Y2+ Y2 * —Y3

= —2y3 * Ya.

Therefore

Y3 * yo = 0.

Lemma 55. We have ys x hy = 0.

Proof. Applying (X3)o to (y2 * y2), we have

0 = (X2)o(y2*y2)
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= ((X2)oy2) * y2 + Y2 * (X2)oy2
:hg*y2+y2*h2

= th * Yo

Therefore

hg*yQZO.

Lemma 56. We have ys x yg = 0.

Proof. Applying (Y5)o to (y2 * y2), we have

0 = (Ys5)o(y2*y2)
= ((Y5)oy2) * y2 + y2 * (Y5)oye
= —Y6 * Y2 + Y2 * —Ys

= —2yg * Yo.

Therefore

Yo * Yo = 0.

Lemma 57. We have ys x yqs = 0.

Proof. Applying (Y1)o to (y3 * y3), we have

0 = (Y1)o(ys * y3)
= ((Y1)oys) * ys + y3 * (Y1)oys
= —2yYs* Y3 + Yz * —2y4
= —4y, * ys.
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Therefore

ys *yz = 0.

Lemma 58. We have ys x (2hy + 6hy) = 0.

Proof. Applying (X3)o to (y3 * y3), we have

0 = (X3)0(?J3 * y3)
= ((X3)oys) * ys + s * (X3)oys
= (h1 + 3hs) *x y3 + y3 * (h1 + 3hs)

= 2(h1 + 3h2) * Ys.

Therefore
(2h1 + 6h2) * Y3 = 0.

Lemma 59. We have ys x yg = 0.

Proof. Applying (Y4)o to (y3 * y3), we have

0 = (Y4)0(y3 * y3)
= ((Ya)oys) * ys + y3 * (Ya)oys
= —3ye * Y3 + y3 * —3Ye

= —06ys * Ys.

Therefore

ye * y3 = 0.
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Lemma 60. We have y, * y5; = 0.

Proof. Applying (Y7)o to (ys4 * y4), we have

0 = (Y1)o(ya*ys)
= ((Y1)oya) * ya + ya * (Y1)oys
= 3Ys * Y4 + Ya * 3Ys5

= 6ys * ya.

Therefore

ys x Yy = 0.

[11.2.0 Lemma 61-Lemma 70
Lemma 61. We have y, * ys = 0.
Proof. Applying (Y3)o to (y4 * y4), we have
0 = (Y3)o(ya * ya)
= ((Y3)oya) * ya + ya * (Y3)oys

= 3Y6 * Ya + Ya * 3Ys

= Oy * Ya.

Therefore

Yo *x Ys = 0.

Lemma 62. We have y, x (4hy + 6hy) = 0.
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Proof. Applying (X4)o to (y4 * y4), we have

0 = (X4)o(ya*ya)
= ((Xa)oya) * ya + ya * (X4)oya
= (2h1 + 3h2) * Yy + Yq * (2h1 + 3h2)

Therefore

4h1 +6h2 * Yy = 0.

Lemma 63. We have ys x yg = 0.
Proof. Applying (Y2)o to (ys * y5), we have
0 = (Y2)o(y5 * ys)
= ((Y2)oys) * ys + y5 * (Y2)oys

=Ye * Y5 + Y5 * Yp

= 2Ys * Us.

Therefore

Yo * ys = 0.

Lemma 64. We have ys x (2hy + 2hy) = 0.

Proof. Applying (X5)o to (ys * y5), we have

0 = (X5)o(ys *ys)
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= ((X5)oys) * ys + ys * (X5)0ys
= (h1 + h) * y5 + y5 * (b1 + ho)

= 2(h1 + hg) * UYs.

Therefore

2h1 +2h2 * Yy = 0.

Lemma 65. We have yg x (2hy + 4hy) = 0.

Proof. Applying (Xs)o to (ys * ys), we have

0 = (X6)0(?/6 * yﬁ)
= ((X6)ows) * ys + ys * (X6)oVs
= (h1 + 2h2) * Y6 + Yo * (h1 + 2hs)

= 2(h1 + 2h2) * Ye-

Therefore

2h,1 +4h2 * Yg — 0.

Lemma 66. We have x1 * x5 = 0.

Proof. Applying (Hi)o to x; % 22, we have

(Hi)o(wy *x0) = ((Hy)ow1) * 22 + 21 % ((H1)oT2)
=21 * X9 + x1 * —329

= —T1 * T9
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and

6 6
(Hl)o(al + Z bzxz + Z ijj + dlhl + dghg)
=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Now we compare our two equations:

6 6
—(al + Z bix; + Z c;jy; + dihy + dahs)
i=1 j=1

= 61(2331) + bg(—S.CEQ) + bg(—l‘3) + 64(234) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that a = 0,00 =0=by = by = b5 = bg,c1 =0=co =c3 =c5 = ¢g,d; = 0 = ds.
Therefore

Ty * Ty = b3(x3> + 04(3/4)-

Applying (Hs)o to x; * x9, we have

(Ha)o(w1 *w2) = ((Ha)ow1) * T2 + 21 % ((Ha)ow2)
= —X1 % Tg + T1 * 229
= T1 * T,

(Ha)o(bs(ws) + ca(ys)) = ba(x3) + 0.

Now we compare our two equations:

6 6
(CLl + Z bll'l + Z CilY; + dlhl + dghg)

i=1 j=1

b3 ($3) + 0.
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We see that by = ¢4, = 0. Therefore

Ty *x g = 0.

Lemma 67. We have x1 x zg = 0.
Proof. Applying (Hy)o to x1 * xg, we have
(H1)0($1 % ZL‘G) = ((Hl)Oxl) * Tg + T * ((H1>01'6)

= 21 * g + x1 * Ozg

= 21’1 * Xg
and

6 6
(Hl)o(al -+ Z bl.l'z -+ Z ijj + dlhl + thg)
i=1 j=1

= 191(2%1) + bz(—3$2) + b3(—.’L’3> + b4($4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
2(al + Z biz; + Z ¢jy; + dihy + dahy)

= b1(2l‘1) Z—:bg(—gl’;):—i‘ b3(—l’3) + b4(l’4) + b5(3$5) + bﬁ(O)
+c1(=2y1) + ¢2(3y2) + e3(ys) + ca(—ya) + e5(=3ys) + ¢6(0).

Here we see that

a=0,bpb=0=b3=by=bs=0bg,c1=0=1cy =3 =c4 =5 =cg,dy =0 = dy. Therefore
x1 % xg = by(x1).
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Applying (Hs)o to x; * xg, we have

(Hs)o(xy * xg) = ((H2)ox1) * x¢ + x1 * ((H2)ows)

= —I1 % Tg + T1 % Tg

(H2)o(bi(71)) = bi(—m1).

Now we compare our two equations:

6 6
(al + Z bll'l + Z ijj -+ dlhl -+ dghg)

i=1 j=1

= bl(—]fl).

We see that b; = 0. Therefore

r1 *xxg = 0.

Lemma 68. We have x9 * x4 = 0.

Proof. Applying (Hy)g to x5 % x4, we have

(Hi)o(wa * x4) = ((H1)owz) * T4 + 22 % ((H1)o4)
= —3T9 * Ty + To * Xy

= —2T9 *x Xy
and

6 6
(Hl)o(al + Z bz.ilﬁl + Z CiY; + dlhl + dghg)

i=1 j=1

= 61(2331) + bg(—&iEg) + bg(—xg) + 64(234) + b5(3$5) + bﬁ(O)
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+c1(=2y1) + ca(3y2) + ca(ys) + ca(—ya) + ¢5(—3ys) + c6(0).

Now we compare our two equations:

6 6
—2(&1 + Z bll'z + Z CiY; + dlhl + d2h2)
i=1 Jj=1

= bl(2$1) + bg(—3$2) + bg(—:ﬁg) + b4(l‘4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(=3ys) + c6(0).

Here we see that

a:O,b1:O:b2:b3:b4:b5:b670220263:C4:C5:CG7d1:Ozdg. Therefore
To x4 = c1(y1).
Applying (Hs)o to xs * x4, we have

(Ha)o(wo * x4) = ((Ha)owz) * T4 + 22 % ((Ha)o4)
= 2T9 * Ty + X * Oy

= 21’2 * Xy,

(Hz)o(cl(yl)) =c1(y).

Now we compare our two equations:

6 6
2(&1 =+ Z bll'l + Z CiY;j + dlhl + d2h2>

i=1 j=1
= C1 (311)-

We see that ¢; = 0. Therefore

Tox 1y = 0.
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Lemma 69. There exists bg € C such that xs * x5 = bg(xg).
Proof. Applying (Hy)o to xs * x5, we have
(Hl)g(.iljg % 1'5) = ((Hl)oafg) * Iy + To * ((H1>0$5)

= —3x9 * T5 + To * 375

=0
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + dahs)
i=1 =1

= b1(2$1) + bg(—?)xg) + b3(—$€3) + b4($4) + b5(3135) + bG(O)

+e1(=2y1) + 2(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).
Now we compare our two equations:

6 6
0(al + Z biz; + Z ¢;y; + dihy + dahs)
i=1 j=1

= b1(2$1) + bg(—?)ZEQ) + bg(—Ig) + b4(l’4) + b5<3l‘5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + c5(=3ys) + ¢6(0).

Here we see that a = 0,60 =0=by =b3 =by = b5,co =0=c3 =c4 = c5,d1 =0 = d>.
Therefore

Ty * x5 = bg(x6) + c6(Ys)-

Applying (Hs)o to xg * x5, we have
(Ho)o(wexx5) = ((H2)owa) * 5 + 29 * ((H2)oTs5)
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= 2T9 * T5 + T9 * —T5
= T2 * Iy,

(H2)o(bs(w6) + cs(ys)) = be(s) — c6(vs)-

Now we compare our two equations:

6 6
((11 + Z blflj'l + Z CilY; + dlhl + dghg)

i=1 j=1
be(w6) — c6(Ys)-

We see that ¢g = 0. Therefore

T * x5 = bg(xg).

Lemma 70. We have x3 * x5 = 0.
Proof. Applying (Hi)o to x3 % x5, we have
(Hi)o(zz xx5) = ((Hi)ows) x x5 + 3 * ((H1)ows)

= —T3* T5 + X3 * 315

= 2x3 * X5
and

6 6
(Hi)o(al + Z biw; + Z ¢jy; + dihy + dahs)
i=1 j=1

= b1(2$1) + bg(—?)ZEQ) + bg(—Ig) + b4(l’4) + b5<3$5) + b6(0>

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + c5(=3ys) + ¢6(0).
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Now we compare our two equations:

6 6
2(&1 + Z bZZL‘Z + Z CiY; + dlhl + d2h2)
i=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that

a:(),62=0=b3:b4:b5:bﬁ,0120202:c3:c4=c5:cﬁ,d1:0:d2. Therefore
x3 % T5 = by(x7).
Applying (Hs)o to x3 * x5, we have

(Ha)o(ws *x5) = ((H2)oxs) * x5 + 3 * ((H2)ows)
= T3 % T5 + T3z *x —Ty
= (),

(Ha)o(br(21)) = ba(=1).

Now we compare our two equations:

6 6
O(CLl + Z bll'l + Z CjY; + dlhl + d2h2>

i=1 j=1

= bl(—l’l).

We see that b; = 0. Therefore

r3 *x x5 = 0.
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[11.2.0 Lemma 71-Lemma 80
Lemma 71. There ezists c3 € C such that y; * yo = c3(ys3).

Proof. Applying (Hy)o to y; * y2, we have

(H1)o(y1 * y2) = ((H1)oy1) * y2 + y1 * ((H1)oy2)
= —2y1 x Y2 + Y1 * Y2

= Y1 *Y2

and

6 6
(Hl)o(al -+ Z bl.l'z -+ Z ijj + dlhl + dghg)
i=1 j=1

= bl(QLCl) + bz(—3$2) + bg(—l’g) + b4($4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
(al -+ Z blxz -+ Z ijj + dlhl + d2h2)
i=1 j=1

= b1(2x1) + bg(—?)ZEQ) + b3(—l’3) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Hereweseethata=0,b1:0:b2:b3:b5:b6,cl:0202:c4zc5zcﬁ,d1:0:d2.
Therefore

Y1 * Y2 = ba(wy) + c3(ys3).

Applying (Hz)o to y1 * ya, we have .

(H2)o(y1 * y2) = ((H2)oy1) * y2 + y1 * (H2)oy2)
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=y * Yo + Y1 * =219
= —U *92;

(H2)o(ba(ma) +c3(y3)) =0+ c3(—y3).

Now we compare our two equations:

6 6
—(al + Z bﬂ?z + Z ijj + dlhl + dghg)

i=1 j=1
= 03(—93)-

We see that by = 0. Therefore

N *xY2 = 03(93)-

Lemma 72. We have y; x yg = 0.
Proof. Applying (Hi)o to y1 * yg, we have
(H1)o(yr xys) = ((H1)oyr) *ys + y1 = ((H1)oys)

= =2y * Y2 + y1 * Oy

= =2y x Y2

and

6 6
(Hi)o(al + Z biw; + Z ¢jy; + dihy + dahs)
i=1 j=1

= b1(2$1) + bg(—?)ZEQ) + bg(—Ig) + b4(l’4) + b5<3$5) + b6(0>

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + c5(=3ys) + ¢6(0).
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Now we compare our two equations:

6 6
—2(al + Z bix; + Z cjyj + dihy + dahy)

i=1 j=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that

a:(),bl:O:b2:b3:b4:b5:b6,0220203:c4:c5206,d1:0:d2. Therefore

1 *Ys = Cl(yl)-

Applying (Hz)o to y; * yg, we have

(H2)o(y1 xys) = ((H2)oy1) * Yo + v1 * ((H2)oYs)

=Y *Ys + Y1 * —Ys

(Hz)o(ci(y1)) = ci(y).

Now we compare our two equations:

6 6
O(al + Z bll'l + Z CiY; + dlhl + d2h2>

i=1 j=1
= C1 (yl).

We see that ¢; = 0. Therefore

y1 *x Yy = 0.

Lemma 73. We have ys * yy = 0.
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Proof. Applying (Hy)o to ys * y4, we have

(Hi)o(y2 *va) = ((H1)oy2) * ya + yo * ((H1)oys)
=3Ys ¥ Ys + Y2 ¥ —UYs

= 2yp * Y4

and

6 6
(Hl)o(al + Z bz.ilﬁl + Z CiY; + dlhl + dghg)

= 61(2$1) + bgzz—&ﬂﬁg) + 53:(—1'3) + b4(l’4) + b5(3$5) + bﬁ(O)
Fc1(=2y1) + c2(3y2) + c3(ys) + ca(—ya) + c5(—=3ys) + c6(0).

Now we compare our two equations:

6 6
2(@1 + Z b;x; + Z C;Y; +dyhy + d2h2)

= b1(2$1) 1—:[)2(—337;):4‘ b3(—$€3) + b4($4) + b5(3135) + bG(O)
+ar(=2y1) + 2(3y2) + e3(ys) + cal—ya) + ¢5(=3ys) + ¢6(0).

Here we see that

a:O,bQZO:b3:b4:b5:b6,Cl20202203264265206,d1:O:dg. Therefore
Yo *Yg = 51(1’1)-
Applying (Hs)o to ys * y4, we have

(H2)o(y2*ys) = ((H2)oy2) * Ys + Y2 x ((H2)oys)

= =2y * Y4 + Y2 * 0y

59



— —292 * Ya,

(Hz)o(bi(21)) = bi(—m1).

Now we compare our two equations:

6 6
—2(al + Z bix; + Z cjy; + dihy + dahs)

i=1 j=1

= bl(—fﬁl).

We see that by = 0. Therefore

Yo x Yy = 0.

Lemma 74. There is bg € C such that ys * ys = bg(xg).
Proof. Applying (Hi)o to y2 * y5, we have
(Hi)o(y2 xys) = ((H1)oy2) * y5 + y2 * ((H1)oys)

= 3y * Y5 + Yo * —3ys

=0
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + daho)
i=1 =1

= b1(2$1) + bg(—?)ZEQ) + bg(—l’g) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).
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Now we compare our two equations:

6 6
0(al + Z b,x; + Z cjy; +dihy + dahs)
i=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that a = 0,0 =0=by =b3=by =bs,c; =0=cy =c3=c4 = ¢5,d1 =0 = ds.
Therefore

Yo * Y5 = bg(z6) + c6(ys)-

Applying (Hs)o to ys * y5, we have

(Hz2)o(y2 * ys) = ((Hz2)oy2) * y5 + y2 * (H2)oys)
= 2y *xyYs + Y2 *x Ys
= —Y2 * Y5,

(H2)o(bs(we) + c6(ys)) = be(xs) + c6(—ys)-

Now we compare our two equations:

6 6
—(al + Z bzIZ + Z ijj + dlhl + dghg)

i=1 =1
= be(ws) + c6(—Ys)-

We see that ¢g = 0. Therefore

Y2 * Ys = 56(956)-

Lemma 75. We have y3 x y5 = 0.

61



Proof. Applying (Hy)o to ys * y5, we have

(H1)o(ys * ys) = ((H1)oys) * y5 + ys * ((H1)oys)
= Y3 *Ys + Y3 * —3Yys

= —2y3 * s

and

6 6
(Hl)o(al + Z bz.ilﬁl + Z CiY; + dlhl + dghg)

= 61(2$1) + bgzz—&ﬂﬁg) + 53:(—1'3) + b4(l’4) + b5(3$5) + bﬁ(O)
Fe1(=2y1) + c2(3y2) + c3(ys) + ca(—ya) + c5(—=3ys) + c6(0).

Now we compare our two equations:

6 6
—2(&1 + Z b;x; + Z C;iY; +dyhy + d2h2)

= b1(2$1) +ZZQ(—3$2) :‘:bg(—$3> + b4($4) + b5(3135) + bG(O)
+ar(=2y1) + 2(3y2) + e3(ys) + cal—ya) + ¢5(=3ys) + ¢6(0).

Here we see that

a:O,ble:b2:b3:b4:b5:b6,0220203204=c5206,d1:0:d2. Therefore
Y3 * Ys = Cl(yl)-
Applying (Hs)o to ys * y5, we have

(H2)o(ys * ys) = ((H2)oys) * y5 + y3 * ((H2)oys)

= —Ys*Ys +Ys*Ys
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(Hz)o(ci(y1)) = ci(y).

Now we compare our two equations:

6 6
O(al + Z bll'l + Z CY; + dlhl + d2h2)

i=1 j=1
= 1 (yl).

We see that ¢; = 0. Therefore

Y3 * ys = 0.

Lemma 76. There exists by € C such that hy % x9 = by(x2).
Proof. Applying (Hi)o to hy % 22, we have
(Hi)o(h *x2) = ((Hi)ohy) * w2 + by ((Hi)ow2)

= 0hy * 29 + hy x —3x9

= —3hy * 29
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + daho)
i=1 =1

= b1(2$1) + bg(—?)ZEQ) + bg(—l’g) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).
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Now we compare our two equations:

6 6
—3(al + Z b;x; + Z cy; +dihy + dahs)
i=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that a = 0,0, =0=b3 =by = b5 =bg,c; =0 =0y =3 =4 = ¢g,d1 =0 = ds.
Therefore

hl * Tog = bg(l’g) + C5(y5).

Applying (Hz)o to hy * x2, we have

(H2)0<h1 * I’Q) = ((HQ)Ohl) * X9 + hl k ((HQ)OZL’Q)
= 0~y * T9 + hy % 229
= 2hy * 9,

(H2)o(b2(w2) +c5(ys)) = ba2(22) + c5(ys).

Now we compare our two equations:

6 6
2(al + Z bix; + Z cjyj + dihy + dahy)

i=1 j=1
= b2(2$2) +C5(y5).

We see that ¢5 = 0. Therefore

hl * Lo = bg(xg).

Lemma 77. There exists by € C such that hy x x5 = bs(x3).
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Proof. Applying (Hy) to hy * x3, we have

(Hi)o(hy*x3) = ((H1)oh1) * x5+ hy * ((H1)ow3)
= 0hy x 23 + hy * —x3

= _h'l * XT3
and

6 6
(Hl)o(al + Z bz.ilﬁl + Z CiY; + dlhl + dghg)
i=1 j=1

= 61(2$1) + b2(—3$2) + bg(—xg) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Now we compare our two equations:

6 6
—(al + Z b;x; + Z CiY; + dihy + d2h2)
i=1 j=1

= b1(2$1) + bg(—?)&?g) + b3(—$€3) + b4($4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Hereweseethata:(),bl:0:b2:b4:b5:bﬁ,cl:0:02203:c5zcﬁ,d1:0:d2.
Therefore

hy * x3 = bg(x3) + ca(ya).

Applying (Hs)g to hy * x3, we have

(Hz)o(hy * x3) = ((Ha)oh1) * x3 4+ hy * ((H2)ox3)
= 0hy *x 23 + hy * 23
= hy * 23,
(H2)o(bs(xs) +ca(ys)) = bs(xs) +0.
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Now we compare our two equations:

6 6
(al + Z bzl‘l + Z ijj + dlhl + dghg)

i=1 j=1

= b3($3) + 0.

We see that ¢4 = 0. Therefore

hl * T3 = bg(l‘g).

Lemma 78. We have hy * x4 = 0.

Proof. Applying (Hi)o to hy * x4, we have

(Hy)o(hy xx4) = ((Hi)oh1) * 24 + by * ((Hy)owa)
:Oh1*$4+h1*$4

= hl * Ty
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + daho)
i=1 j=1

= b1(21‘1) + bg(—?)l'Q) + b3(—$(?3) + b4($4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
(al + Z bzl’z + Z CiY; + d1h1 + dzhg)
=1 j=1

= b1(2$1) + bg(—?)[)?g) + bg(—l‘g) + b4((l]4) + b5<31‘5) + b6(0)

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + c5(=3ys) + ¢6(0).
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Here we see that a =0, =0=by =b3 =bs =bg,c1 =0=co =c4 =5 = ¢g,d1 = 0 = ds.
Therefore

hl * Xy = b4(2§4) + 03(y3).

Applying (Hz)o to hy * x4, we have

(Ha)o(h1 xx4) = ((Hz)oh1) * x4 + hy * (Ha)ow4)
= 0hy * x4 + hy % 0x4
— 0,

(Ha)o(ba(za) +c3(y3)) = ba(zs) + c3(—y3).

Now we compare our two equations:

6 6
0(al + Z bix; + Z ¢jy; + dihy + dahs)

i=1 7=1
b4(l‘4) + Cg(—yg).

We see that by = ¢3 = 0. Therefore

hy*xxy =0.

Lemma 79. There is b5 € C such that hy * x5 = bs(x5).

Proof. Applying (Hy)o to hy * x5, we have

(Hi)o(hy*x5) = ((H1)oh1) * x5 + hy * ((H1)os)
:Oh1*$5+h1*3$5

= 3h1 * Iy
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and

6 6
(Hl)o(al + Z bzxz + Z ijj + dlhl + dghg)
=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Now we compare our two equations:

6 6
3(al + Z bix; + Z cjy; + dihy + dahy)
i=1 j=1

= 61(2331) + bg(—S.CEQ) + bg(—l‘3) + 64(234) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that a = 0,00 =0=by, = b3 =by = bg,c1 =0=c3 =c4 = c5 = ¢g,d1 = 0 = ds.
Therefore

hy * x4 = bs(x5) + ca(y2).
Applying (Hz)o to hy * x5, we have
(Ha)o(h1 *x5) = ((H2)oh1) * x5 + hy * ((H2)ows)
= 0hy x x5 + hy * —x5

= _hl * Ts,

(H2)0(b5($5) + Cz(?JQ)) = bs(—%) + 02(—2y2)-

Now we compare our two equations:

6 6
—(al + Z bZ.CCZ + Z CiY; + dlhl + dghg)

i=1 j=1
= 65(—.’13'5) +CQ(—2y2>.
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We see that ¢y = 0. Therefore

hl * Ty = b5($5).

Lemma 80. There is bg € C such that hy * x¢ = bg(xg).

Proof. Applying (Hy)o to hy * xg, we have

(Hi)o(hy*x6) = ((H1)oh1) * z6 + hy * ((H1)os)
= 0hq *x xg + hy * Oxg

= Ohl * Xg
and

6 6
(Hl)o(al -+ Z bl.l'z -+ Z ijj + dlhl + thg)
i=1 j=1

= 61(2$1) + bz(—3$2) + b3(—.’L’3> + b4($4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(—3ys) + ¢6(0).

Now we compare our two equations:

6 6
0(al + Z biz; + Z ¢jy; + dihy + dahs)
i=1 j=1

= b1(2l‘1) + bg(—?).TQ) + b3(—l’3) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Hereweseethata=0,b1:0:b2:b3:b4:b5,cl:0262203204265,d1:0:d2.
Therefore

hy * x5 = bs(x6) + c6(ys)-
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Applying (Hz)o to hy * xg, we have

(Ha)o(h1*x6) = ((Ha)oha) * 26 + h1 x ((Hz)o76)
= 0hy *x g + hy * x¢
- hl * Tg,

(Ha)o(bs(z6) +c6(ys)) = be(x6) + c6(—ys)-

Now we compare our two equations:

6 6
(al + Z bll'l + Z CilY; + dlhl -+ dghg)

i=1 j=1
= bs(we) + c6(—ys)-

We see that c¢g = 0. Therefore

hl * Tg = bG(ZEG).

II1.2.0 Lemma 81-Lemma 90
Lemma 81. There is by € C such that hy * x1 = by(x1).

Proof. Applying (Hi)o to he % 21, we have

(Hl)o(hQ * 1’1) = ((H1)0h2> * X1 + hQ ES ((Hl)()l’l)
:OhQ*I1+h2*2I1

= 2hy % 24
and

6 6
(Hl)()(a]_ + Z bZZEZ + Z ijj + dlhl + dghg)

i=1 j=1
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= b1(2$1) + bg(—&rg) + bg(—l‘g) + b4(l’4) + b5<3[1)5) + b6(0)

+e1(—=2y1) + 2(3y2) + es(ys) + cal—va) + ¢5(=3ys) + ¢6(0).
Now we compare our two equations:

= b1(2$1) + bg(—3$2) + bg(—l’g) + b4(l‘4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that

a:(),62:0:bg:b4:b5:b670120202:C3:C4:c5zc(;,d1:0:d2. Therefore
hg * T = bl(:zcl).
Applying (Hs)o to hy * x1, we have

(H3)o(ha * x1) = ((Ha)oha) * x1 + ha * ((H2)oz1)
= 0hg * 21 + hy x —11
= —hy x 21,

(Ha)o(br(z1)) = bi(=21),

Now we compare our two equations:

6 6
—(al + Z beEZ —+ Z CiY; + dlhl + dghg)

i=1 j=1

= bl(_xl)-

Therefore

hg * 1 = bl(xl).

71



Lemma 82. We have hy x x3 = 0.

Proof. Applying (Hy)o to hs * x3, we have

(Hi)o(he * 23) = ((H1)oh2) * x5+ ha * ((H1)ow3)
= 0hg *x x3 + ho *x —23

= —h2 * XT3
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + daho)
i=1 =1

= b1(2$1) + bg(—?)&?g) + b3(—$€3) + b4($4) + b5(3135) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
—(al + Z bzxz + Z CiY; + d1h1 + thg)
i=1 j=1

= b1(2$1) + bg(—?)ZEQ) + bg(—Ig) + b4(l’4) + b5<3l‘5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Here we see that a =0, =0=by =by =bs =bg,c1 =0=cy =c3=c5 = ¢g,d1 = 0 = ds.
Therefore

hg * Xy = 53(233) + 04(y4).

Applying (Hz)o to hg * x3, we have
(H2)o(he * x3) = ((Hz)oha) * 23 + ha * ((H2)o3)
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= Qhg * 23 + ho * 23
:hQ*l’g,

(H2)o(bs(w3) + ca(ys)) = ba(x3) + 0.

Now we compare our two equations:

6 6
((11 + Z blflfl + Z CilY; + dlhl + dghg)

i=1 j=1

= 53(333) + 0.

We see that b3 = ¢4 = 0. Therefore

ho x x3 = 0.

Lemma 83. We have hy * x4 = 0.
Proof. Applying (Hi)o to he * 24, we have
(Hi)o(ho xx4) = ((Hi)oh2) * x4 + ho * ((Hi)oxs)

= Qhgy x x4 + ho x 04

=0
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + daho)
i=1 j=1

= b1(2$1) + bg(—?)ZEQ) + bg(—Ig) + b4(l’4) + b5<31‘5) + b6(0>

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + c5(=3ys) + c6(0).
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Now we compare our two equations:

6 6
0(al + Z b,x; + Z cjy; +dihy + dahs)
i=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that a = 0,0 =0=by =b3=by =bs,c; =0=cy =c3=c4 = ¢5,d1 =0 = ds.
Therefore

hg * Ty = bﬁ(l’ﬁ) + Cﬁ(@/(g).

Applying (Hz)o to hg x x4, we have

(Hg)()(hg * I’4) = <<H2)0h2) * Ty + hg k ((HQ)(]ZL’;;)
:OhQ*I4+h2*OCL’4
p— O’

(H2)o(bs(we) + c6(ys)) = be(xs) + co(—ys)-

Now we compare our two equations:

6 6
0(al + Z bix; + Z cjyj + dihy + dahy)

i=1 =1
= be(ws) + c6(—¥s)-

We see that bg = ¢g = 0. Therefore

h2*$4:0.

Lemma 84. There is b5 € C such that hy * x5 = bs(x5).
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Proof. Applying (Hy)g to he % x5, we have

(Hi)o(he * x5) = ((H1)ohs) * x5 + ha * ((H1)os)
:Oh2*$5+h2*3$5

= 3h2 * Iy
and

6 6
(Hl)o(al + Z bz.ilﬁl + Z CiY; + dlhl + dghg)
i=1 j=1

= 61(2$1) + b2(—3$2) + bg(—xg) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Now we compare our two equations:

6 6
3(@1 + Z bix; + Z cjY; + dihy + d2h2)
i=1 j=1

= b1(2$1) + bg(—?)&?g) + b3(—$€3) + b4($4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Hereweseethata:(),bl:0:b2:b3:b4:bﬁ,cl:0:03:c4zc5zcﬁ,d1:0:d2.
Therefore

hy * x5 = bs(x5) + c2(y2).

Applying (Hs)g to hy * x5, we have

(Hz)o(hg * x5) = ((Ha)oha) * x5 4+ ha * ((H2)oxs)
= 0hy *x x5 + ho * —x5
= —hy x x5,
(Ha)o(bs(w5) + ca(y)) = bs(—x5) + c2(—2y2).
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Now we compare our two equations:

6 6
—(al + Z bZZEZ + Z ijj + dlhl + dghg)

i=1 j=1
= b5(—$5) +CQ<—2y2).

We see that ¢y = 0. Therefore

hQ * Ty = b5(.7)5).

Lemma 85. There is bg € C such that hy * x5 = bg(xg).

Proof. Applying (Hi)o to he % x4, we have

(Hy)o(he xx6) = ((Hi)oh2) * w6 + ho * ((H1)oe)
:Oh2*$6+h2*0x6

=0
and

6 6
(Hi)o(al + Z biw; + Z ¢;y; + dihy + daho)
i=1 j=1

= b1(21‘1) + bg(—?)l'Q) + b3(—$(?3) + b4($4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
0(&1 + Z blIz + Z CiY; + dlhl + d2h2>
i=1 j=1

= b1(2$1) + bg(—?)[)?g) + bg(—l‘g) + b4((l]4) + b5<31‘5) + b6(0)

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + c5(=3ys) + ¢6(0).
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Here we see that a =0, =0=by =b3=by, =b5,c1 =0=ca =c3=c¢c4 = ¢5,d1 = 0 = ds.
Therefore

hg * XTg = bﬁ(ﬂf@) + cﬁ(y(;).

Applying (Hz)o to hg x zg, we have

(Ha)o(he x x6) = ((H2)ohz2) * w6 + ho * ((Hz)ows)
= Qhg *x 2 + ho * x4
= h2 * T,

(Ha)o(bs(z6) +c6(ys)) = be(x6) + co(—ys)-

Now we compare our two equations:

6 6
((ll + Z bl(L’z + Z CiY; + dlhl + dghg)

i=1 7=1
b6 ({L’G) + CG(_y6)~

We see that cg = 0. Therefore

h2 * Tg = 66(136)-

Lemma 86. There is co € C such that hy * yo = c2(ya).

Proof. Applying (Hy)o to hy * ya, we have

(Hi)o(hi*y2) = ((H1)oh1) * y2 + ha * ((Hi)oyz)
= 0hy * Yy + hy * 3ya

= 3hy * Yo
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and

6 6
(Hl)o(al + Z bzxz + Z ijj + dlhl + dghg)
=1 Jj=1

= 61(2I1) + bg(—3I2) + bg(—[L‘g) + b4(ZL‘4) + b5<3$5) + bG(O)

+c1(=2y1) + ca(3ya) + 3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Now we compare our two equations:

6 6
3(al + Z bix; + Z cjy; + dihy + dahy)
i=1 j=1

= 61(2331) + bg(—S.CEQ) + bg(—l‘3) + 64(234) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(y3) + ca(—ya) + ¢5(—3ys) + c6(0).

Here we see that a = 0,00 =0=by, = b3 =by = bg,c1 =0=c3 =c4 = c5 = ¢g,d1 = 0 = ds.
Therefore

hy * Y2 = bs(5) + c2(y2)-
Applying (Hs)o to hy * yo, we have
(Ha)o(h1 *y2) = ((H2)oh1) * y2 + hy * ((H2)oy2)
= 0hy *ys + hy * =2y,

= _2h1 * Y2,

(H2)o(bs(xs) + caly2)) = bs(—x5) + ca(—242).

Now we compare our two equations:

6 6
—2(@1 + Z bll'z -+ Z CiY; + dlhl + d2h2)

i=1 j=1
= b5<—.1'5) —|—CQ<—2y2).
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We see that b5 = 0. Therefore

hl * Yo = Cg(’yz).

Lemma 87. There exists c3 € C such that hy * y3 = c3(y3).

Proof. Applying (Hy)o to hy * y3, we have

(Hi)o(hi*ys) = ((Hi)oh1) * ys + hy * ((H1)oys)
= 0hy *ys + hy *x y3

= hy *y3
and

6 6
(Hl)o(al -+ Z bl.l'z -+ Z ijj + dlhl + thg)
i=1 j=1

= 191(2%1) + bz(—3$2) + b3(—.’L’3> + b4($4) + b5(3$5) + bG(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Now we compare our two equations:

6 6
(al + Z blxl + Z CiY; + d1h1 + dzhg)
i=1 j=1

= b1(2l‘1) + bg(—?).TQ) + b3(—l’3) + b4(l’4) + b5(3$5) + bﬁ(O)

+c1(=2y1) + ca(3y2) + c3(ys) + ca(—ya) + c5(=3ys) + ¢6(0).

Hereweseethata=0,b1:0:b2:b3:b5:b6,cl:0202204205266,d1:0:d2.
Therefore

hy * ys = by(x4) + c3(ys3).
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Applying (Hs)o to hy * y3, we have

(Ha)o(h1*ys) = ((H2)oh1) * ys + ha * ((H2)oys)
= 0hy xys + hy * —y3
- _hl * Y3,

(H2)o(ba(wa) +c3(y3)) =0+ c3(—ys).

Now we compare our two equations:

6 6
—(al —+ Z beEZ + Z CiY; + dlhl + dghg)

i1 =
= 04 c3(—ys).

We see that by = 0. Therefore

hi x Y3 = c3(ys).

After noticing a pattern between h; x x; and hy * y;, we can say the following:

Lemma 88.

hi * ya =0
hi * ys = 05(315)
hi * ye = 06(%)

After noticing a pattern between ho * z; and hg * ;, we can say the following:

Lemma 89.

hyxyr = ci(yr)
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heaxys =0

hoxys =0
ho * Ys = 05(?/5)
ha * ys = 06(?/6)

for some ¢y, c5,cq € C.

Lemma 90. By properties of Lie bracket, we know that

hl*hlzhl*hQZhg*hQZO.

[11.2.0 Lemma 91-Lemma 100 We can use the properties of eigenvectors with their
associated eigenvalues to calculate x; * y; in a more simplified way. We will calculate the
action of H; and Hy on x; and y; where i = {1,...,6}. We will look at the coefficient on
these eigenvectors after H;, i = {1,2}, has been applied. We will then compare coefficients

to find out what we can eliminate. Observe the following example:

Example 5. We want to calculate hy x xg. We will first apply (Hy)o then (Hy)o. We see
that

(Hy)o(hy xx6) = (04 0)(hy * x6) = Ohq * x4,
hixxg = bgws + ceys + dihy + daho,
(Hy)o(hy xxg) = (0+1)hy *x 26 = Loy x 1
(H2)o(bsws + coys + dih1 + dahs) = (14 (=1)+0+0),
hy * x¢ = bexs.

Notice this result exactly matches that of Lemma 80.

Lemma 91. There are a,dy,ds € C such that x1 x y; = al + dihy + dahs.
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Proof. Applying (Hy)o and then (Hj)o to z7 * y;, we have

(Hi)o(z1xy1) = (24 (=2))21 xy1 = 021 * 41,
T1 %Y = al + bexe + cys + dihy + daho,
(Hz)o(zy1*y1) = (=1+ 1)z *y1 = 0xy x 1,

(Hz)o(al + bgxg + csys + dihy

Lemma 92. There is by € C such tha

+dyhy) = (04+1+(=1)+0+0),

T1* Y1 =al+dihy + dahs.

t x1 % ys = byxy.

Proof. Applying (H;)o and then (Hj)g to x; * y5, we have

(H1)o(21 * y5)

L1 *Ys

(Hz)o(21 * y5)
(H3)o(bsxs + byzy)

T1*Ys

Lemma 93. We have x1 * ys = 0.

= (=1)z1 * ys,

= b33 + b2y,

= (=14 1)z x y5 = 01 * ys,
= (140),

= b4£E4.

Proof. Applying (H;)o and then (Hj)g to x7 * yg, we have

(Hi)o(z1 * ys)
T1 * Ye
(Hz2)o(z1 * Ys)

(H2)0(51$1)

= (24 0)xy * ye,

= b2y,

= (=14 =)z *yg = —2x1 * Yy,
- (1),
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T * Yg =0.

Lemma 94. There are a,dy,ds € C such that xo * ys = al + dihy + dahs.

Proof. Applying (H;)o and then (Hsy)p to o * Y2, we have

(H1)o(z2 * y2)

T * Yo

(H2)o(z2 * y2)

(Ha)o(al + bgxe + coys + dihy + dahy)

Lo * Yo

= (=34 B)ay * yo = Oy * 3,

= al + bexs + coys + dihy + doho,
= (24 —2)xg *x yo = Oxg * Yo,
=(0+14+-14+0+0),

=al + dlhl + dghg.

Lemma 95. There is ¢; € C such that xo x y3 = c1y;.

Proof. Applying (H;)o and then (Hj)g to xg * y3, we have

(Hi)o(we xys) = (=34 1)ao xys = —2x2 % ys,
L2 * Y3 = C1Y1,
(Ho)o(xo xy3) = (24 —1)zyxys = 1oy x y3,
(Hz)o(cryn) =1,
T2 * Y3 = CY1-

Lemma 96. We have x5 * yy = 0.
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Proof. Applying (Hy)o and then (Hj)g to z3 * y4, we have

(Hi)o(wa *ys) = (=34 1)wg * yg = =229 * Yy,
L2 * Y4 = 1Y,
(Ho)o(wo xyy) = (24 0)xg % yy = 29 * Yy,
(H)o(cryn) =1,
xoxyy =0.

Lemma 97. There is c5 € C such that x4 % yg = c5Ys5.

Proof. Applying (H;)o and then (Hj)g to y2 * yg, we have

(Hi)o(z2 xys) = (=34 0)a2 * ys = —3w2 * Y,
To*Ys = bawy + Cc5Ys,
(Ha)o(w2*ys) = (24 —1)x2 * ys = Lxa * ys,
(H2)o(bawa + c5y5) = (2+1),
T2 * Yo = C5Ys-

Lemma 98. There are a,dy,ds € C such that x5 * y3 = al + dihy + dahs.

Proof. Applying (H;)o and then (Hj)g to x3 * y3, we have

(Hi)o(zs xys) = (=14 1)zs*ys = Ox3 * y3,
r3*xys = al+ bgrg + ceys + dihi + doho,
(Ha)o(zs *ys) = (1+ —1)zs *ys = Oxg x ys,
(Ha)o(al + bewg + coye + dihy + dohy) = (04+ 14+ —1+0+0),

84



X3 % U3 =al +dih; + dohs.

Lemma 99. We have x3 x y5 = 0.

Proof. Applying (Hi)o to x3 * ys, we have

(Hy)o(xg *xys) = (=14 —3)xg*y; = —4dxg * ys,

T3 * Ys = 0.

Lemma 100. There is bs € C such that x3 % yg = bsxs.

Proof. Applying (H;)o and then (Hs)g to x3 * yg, we have

(Hi)o(zs xys) = (=14 0)zsxys = —1laz * ys,
T3*Ys = byxz + bawy,
(H2)o(zs *ys) = (1+ —1)as * ys = Oxz * ys,
(H2)o(bszz + bazs) = (1+0),
T3 % Yg = b3xs.

I11.2.0 Lemma 101-Lemma 110
Lemma 101. There are a,bg,cg € C such that x4 x y4 = al 4 bgxs + cays-

Proof. Applying (Hy)o and then (Hs)g to z4 * y4, we have

(Hi)o(rs*ys) = (=14 1)wg*ys = 024 * yu,
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Ty * Yy = al + bexe + cys + dihy + daho,

(Ha)o(ra*ya) = (0+0)xy * ys = Oxy * yy,
(Hz2)o(al + bexe + coys + dihy 4+ dahy) = (04+1+ =1+040),
Ty ¥ Yy = al + begxrg + csYs-

Lemma 102. We have x4 * y5 = 0.

Proof. Applying (Hj)o to x4 * y5, we have

(Hi)o(waxys) = (=1+ =3)xy*ys = —day * ys,

Ty * Ys =0

Lemma 103. We have x4 * yg = 0.

Proof. Applying (H;)o and then (Hj)g to x4 * yg, we have

(Hy)o(xgxys) = (—140)zy xys = —lxy * yg,
Taxys = byxrz+ bawy,
(H2)o(waxys) = (0+ —1)ayxys = —1lay * s,
(H2)o(bsws + byxs) = (1 +0),
raxys =0,

Lemma 104. There are a,dy,dy € C such that x5 x y5 = al + dihy + doho.
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Proof. Applying (Hy)o and then (Hj)g to x5 * ys, we have

(Hy)o(zs xys) = (34 —3)x5 *ys = 0x5 * ys,
r5xys = al+bexe+ coys + dihy + daha,
(Ho)o(xs xy5) = (=14 1)xz5*ys = 05 % ys,
(Hz)o(al + bxs + coys + dihy + d2hy) = (0+ 1+ —1+0+0),
Ty * Ys =al+dihy + dahs.

Lemma 105. There is co € C such that x5 % yg = coypo.

Proof. Applying (H;)o and then (Hj)g to x5 * yg, we have

(Hi)o(ws *ys) = (3+ 0)xs * ye = 35 * s,
T5*yYs = bsxs + Cayp,
(Ha)o(ws *ys) = (—1+ —1)ws*ys = —2x5 * ye,
(Ha)o(bszs + caye) = (—1+-2),
Ts * Yo = C2Y2.

Lemma 106. There are a,dy,dy € C such that x¢ *x ys = al + dihy + daho.

Proof. Applying (H;)o and then (Hj)g to xg * yg, we have

(H1)o(ze xys) = (0+ 0)xg * yo = 06 * ye,
Te*xyYs = al + bgrg + ceys + dihy + doho,
(H2)o(ws *ys) = (1+ —1)ze * ys = Oxe * ys,
(Ha)o(al + bewg + coye + dihy + dohy) = (04+ 14+ —1+0+0),
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Te * Yg =al +dih; + dohs.

Lemma 107. There exists cy € C such that x5 * y; = c4ya.

Proof. Applying (H;)o and then (Hsy)o to x5 * y;, we have

(Hi)o(ws *xy1) = (3+ —=2)as *y1 = las x yi,
Ts*Y1 = C3Y3 + Ca¥a,
(H2)o(zs xy1) = (=14 1)as xy1 = Oxs * yi,
(Ha)o(cays + cays) = (=1+0),
Tsk Yy = Cals.

Lemma 108. We have z¢ * y; = 0.

Proof. Applying (H;)o and then (Hj)g to xg * 31, we have

(Hi)o(ws *y1) = (0+ —2)xe * y1 = —2x6 * Y1,
Lo * Y1 = 1Y,
(H2)o(ws *y1) = (1+ 1)xe * y1 = 2x6 * Y1,
(Hz)o(cryn) =1,
xexyr =0,

Lemma 109. There exists by € C such that x3 * ys = bixy.
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Proof. Applying (Hy)o and then (Hj)g to z3 * yo, we have

(Hi)o(zs *y2) = (—1+3)zz*y2 =2,
T3 * Y2 = by,
(Hz)o(zs *y2)  =(1+-2)=—1,
(H2)o(brz1) = —1L,
T3 * Y2 = byry.

Lemma 110. We have x4 * yo = 0.

Proof. Applying (H;)o and then (Hsy)g to x4 * y2, we have

(Hi)o(za*y2) = (=14 3)xy * yo = 214 % Yo,
T4 * Y2 = by,
(H)o(za *1y2) = (04 =2)xy * yo = =274 * Yo,
(Hz)o(b1I1) =—1,
Ty * Yo =0.

I[II.2.0 Lemma 111-Lemma 116
Lemma 111. There is bs € C such that xg * yo = bsxs.
Proof. Applying (Hy)o and then (Hj)g to zg * yo, we have
(Hi)o(we *y2) = (04 3)x6 * Y2 = 36 * Yo,

Te* Y2 = bsxs + Coyo,
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(Ha)o(we * y2) = (1 + —2)x6 * yo = — 16 * Yo,
(Ha)o(bszs + o) = (=14 —2),

Te * Y2 = b55.

Lemma 112. We have x5 * y3 = 0.

Proof. Applying (Hy) to x5 * y3, we have

(Hi)o(ws xys) = (3+ 1)ws x y3 = 4as * ys,

T * Y3 =0.

Lemma 113. There is ¢4 € C such that xg * y3 = c4ys.

Proof. Applying (H;)o and then (Hj)g to xg * y3, we have

(Hi)o(ws *y3) = (0+ 1)ze * ys = Lwg * ys,
Te*Ys = C3Y3 + Calu,
(Ha)o(ws *y3) = (14 —1)xe * ys = Oxg * ys,
(Hz)o(csys + cays) = (=1+0),
Te * Y3 = C4Y4.

Lemma 114. We have x5 * y, = 0.

Proof. Applying (Hy)o to x5 * y4, we have

(Hi)o(ws *ys) = (34 1)w5 * ys = 4a5 * 4,
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T5 * Ya

Lemma 115. We have xg * y, = 0.

=0.

Proof. Applying (H;)o and then (Hsy)o to g * ys, we have

(H1)o(ws * ya)

T6 * U

(H2)o(w6 * ya)
(Ha)o(csys + caya)

Te * Ygq

=04 Dagxys =1,

= C3Y3 + Cala,

= (14 0)xe * ya = lag * yu,
=(—-1+0),

=0.

Lemma 116. There is by € C such that xg * ys5 = baxs.

Proof. Applying (H;)o and then (Hj)g to xg * y5, we have

(H1)o(26 * y5)

L6 * Ys

(H2)o(x6 * y5)
(H3)o(boxa + c5Ys5)

Te * Y5

= (0+ —3)xg *x ys = —3x¢ * Ys,
= bywy + C5Ys,

= (1 + 1)we * y5 = 276 * Y5,
@41,

= b2$2.
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IT11.3 Proof of Theorem 18

The proof of Theorem 18 is almost identical with the proof of Theorem 17. First, in the

proof of Theorem 17, we must replace
1. z; by X;, y; by Y}, hy by H; and

2. axd by (u,v). Here, a,a’ € {z1,...,x¢,y1, .-, Ys, h1, ha },
u,v € {Xl, '-';X67}/17 ....,}%,Hl,HQ}.

Next, to obtain the desired results for Theorem 18, we only need to following the proof of

Theorem 17 step by step.
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