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HYPERPLANE ARRANGEMENTS OVER THE
RING OF INTEGERS
MODULO n.

EHIARESHAN J. OBEAHON

49 Pages

Let V' be a finite vector space of dimension n over the field K. A hyperplane in V' is
an n — 1 dimensional subspace of V' defined by an equation of the form
Soraix; =0, a; € K, (21, ...,x,) € V. A hyperplane arrangement is any finite collection
of hyperplanes. This work focuses on some hyperplanes arrangements such as the braid and
the graphical arrangement {z; —x; =0:1 <1i < j < n}, the shi arrangement
{z; —x; =1:1<1i<j <n}, the threshold arrangement {x; +z; =0:1<i < j <n}, and

the complete arrangement {>.._cx; =0:S5 C [n]}. The graphical arrangement is a

=
subarrangement of the threshold arrangement. Chapter 1 gives an introductory overview of
the entire work, the significance of hyperplane arrangements, and their interconnections.
Chapter 2 presents some of the important definitions and the general theory underlying
hyperplane arrangements. Chapter 2 also introduces what we would call the most
important concept in the study of hyperplane arrangement, which is the characteristic
polynomial. Every hyperplane arrangement(or simply arrangement) can be identified by a
unique characteristic polynomial. Chapter 3 covers the braid, graphical, and shi
arrangement, and application to graph coloring, while Chapter 4 explores the threshold
arrangement, and how it relates to threshold graphs. There is a bijection between the set

of threshold graphs on n vertices and the set of regions of the bozed threshold arrangement.

Finally, chapter 5 gives an introduction to the complete arrangement.

KEYWORDS: Threshold Arrangement, Characteristic Polynomial, Finite Field Method.
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CHAPTER I: INTRODUCTION

Hyperplane arrangements are a fascinating and essential topic in mathematics with
profound connections to various areas of pure and applied mathematics. They represent a
captivating landscape where geometry, combinatorics, and algebra intertwine to reveal
intricate structures and patterns. Hyperplane arrangements can be thought of as a
geometric puzzle: a collection of hyperplanes that intersect in a particular way, partitioning
the underlying space into a finite number of regions. These regions have a rich
combinatorial structure, which has captivated mathematicians for decades. Hyperplane

arrangements offer a broad spectrum of complexity and beauty.

I.1 WHY STuDY HYPERPLANE ARRANGEMENTS

The study of hyperplane arrangements is not just an abstract pursuit; it has
profound implications in various mathematical and scientific fields. These arrangements
can be found at the heart of algebraic geometry, combinatorics, representation theory, and
topology. They play a fundamental role in computer science, statistical physics, and the
study of complex systems. Understanding hyperplane arrangements provides insight into
the geometry of spaces and the structure of problems, making them indispensable tools in

many mathematical and scientific endeavors.

1.2 OVERVIEW

In this work, we aim to shed light on four specific hyperplane arrangements: the
Braid arrangement, the Shi arrangement, the threshold arrangement, and the complete
arrangement. These arrangements represent diverse aspects of hyperplane arrangement
theory and have their unique stories to tell. As part of my contribution, I constructed a
finite sequence and gave its general proof in Theorem IV.0.7 and Theorem IV.0.8 in
terms of its recurrence relation. The terms of this sequence are the the coefficients of a

polynomial not in standard form but equal to the threshold characteristic polynomial.



With my finite sequence, we can almost, without thinking, write down the threshold
characteristic polynomial of any dimension. Whereas the common expression of this
polynomial involves Stirling’s number of the second kind and some product notation under
the summation symbol, my finite sequence gives some computational ease. This means we
have a new simplified way of computing the Stirling’s number of the second kind. Also, as
part of my contribution, I derived the exponential generating function of the threshold
arrangement in Theorem IV.0.6 by leveraging the work from another source which is
properly referenced but did not even attempt to give the generating function of the
threshold arrangement. I do not claim any originality here because finding the exponential
generating function for the threshold arrangement is a problem listed in Richard Stanley’s
note as an unsolved exercise, not an unsolved problem. I decided to supply proof of my

own. The only proof I have seen so far is different from mine.

[.2.1 The Braid Arrangement Inspired by the intricate patterns of braids and their
connections to permutation groups, this arrangement reveals the elegance of combinatorics
and topology. The graphical arrangement is a subarrangement of the braid arrangement in
that every hyperplane in the graphical arrangement also belongs to the set of hyperplanes

of the braid arrangement of the same vector space.

[.2.2 The Shi Arrangement Named after the founder Jiaqun Shi, who introduced
them in a paper published in 1986, this arrangement connects to algebraic structures, such
as matroid theory and Coxeter groups. It can be used to study the algebraic and
combinatorial properties of these structures. Both braid and shi arrangement belong to a
larger class known as deformation of the braid arrangement

{z; —z;=a:1<i<j<n,a € R}. Other notable arrangements that belong to this
broader class are the Catalan arrangements {x; — rj=-1,0,1:1<:1<j< n} and the

Linial arrangement {x; —x; =1:1 <i < j <n} but are not considered in this work



[.2.3 The Complete Arrangement . This straightforward yet powerful arrangement
encompasses all possible hyperplanes in a given space, and its study is foundational for

understanding the theory of hyperplane arrangements.

[.24 The Threshold Arrangement The threshold arrangement is related to

threshold graphs.

1.3 EXPLORING HYPERPLANE ARRANGEMENTS

In the following chapters, we will delve into each of these arrangements, exploring
their properties, relevance, and applications. We will employ a blend of geometric intuition,

algebraic techniques, and combinatorial insights to unravel these mathematical constructs.

1.4 THE CHARACTERISTIC POLYNOMIAL

Every hyperplane arrangement has its unique characteristic polynomial that retains
virtually all the important information we want concerning the arrangement under
consideration. Evaluating the characteristic polynomial at -1 gives us the number of
connected regions created by the hyperplanes of the arrangement. Again, when we evaluate
the characteristic polynomial at 1 we get the number of bounded regions. So, obtaining
this polynomial is something we strive to achieve for every hyperplane. In a case when this
is not available, then we must be content with the generating function of the polynomial if
we have it. However, when closed forms formula for characteristic polynomials and the
generating function prove elusive, we must be content with bounds and asymptotics. This

is precisely the case with the complete arrangement.

1.5 THE ROLE OF EXCLUSION-INCLUSION PRINCIPLE

The significance of the exclusion-inclusion principle cannot be exaggerated in

combinatorics, generally. Because we are interested in the complement of the union of the



hyperplanes, the method of exclusion-inclusion principle plays a huge role in starting and
establishing the two ways of constructing the characteristic polynomial of an arrangement.
However, this method quickly proves impractical as the dimension of the vector space
increases. A more sophisticated way is to construct the Poset(partially ordered set) of an
arrangement, and then with the help of the Mdbius function (see definition II), the
polynomial. Again, this approach becomes cumbersome as the number of interactions
(intersections) increases due to the nature of the hyperplane and the high dimension. This
leads to another important method for constructing the characteristic polynomial of an

arrangement - the finite field(see section 11.4) method.

1.6 THE FINITE FIELD

When we say hyperplanes over the ring of integers, the finite field method is
precisely what we have in mind. The main result (Theorem I1.4.2) is implicit in the work of
Crapo and Rota[l]. It was first developed into a systematic tool for computing
characteristic polynomial by Athanasiadis, after a closely related but not as general
technique was presented by Blass and Sagan[1]. It is called the finite field method. This
method avoids working over the field R, which makes evaluating the characteristic
polynomial a difficult task. Instead, it works on some prime field or, more generally, some
finite rings. Therefore, it converts the original problem into that which requires just
counting points to get the characteristic polynomial. All these are later illustrated in the

chapters that follow.



CHAPTER II: GENERAL FRAMEWORK FOR HYPERPLANE ARRANGEMENTS

II.1 BASIC DEFINITIONS

A finite hyperplane arrangements A is a finite set of hyperplanes in some finite
dimensional vector space V = K", K is a field. A linear hyperplane is an n — 1 dimensional
subspace of H of V. That is

H={veV:av=0}

where « is a fixed nonzero vector in V' and «.v is the usual dot product (assuming V is an

inner product space) defined by
oV = Z Q; Uy
i

An affine hyperplane is a translate J of a linear hyperplane defined by
J={veV:av=a},

where « is a fixed nonzero vector in V and a € K. Let A be an arrangement in a vector
space V. The dimension dim(.A) of A is defined to be dim(V') = n, while the rank(.A) of A
is the dimension of the space spanned by the normals to the hyperplanes in A. We say that
A is essential if rank(A) = r, and take V' = K". Now let K = R, a region of an
arrangement A is a connected component (with respect to the subpace topology) of the

complement X of the hyperplanes:
X=R"- () E.
HeA

Let R(A) denote the set of regions of A, and let
r(A) = #R(A),

the number of regions.



If we assume K = R, then it is easy to see that every region R € R(.A) is open and
convex. If W is the subspace of V' spanned by the normals to the hyperplanes in A, then
R e R(A) if and only if RNW € R(Aw).

We say that a region R € R(A) is relatively bounded if RNW is bounded. If A is
essential, then relatively bounded is the same as bounded. We write b(.A) for the number of

relatively bounded regions of A

A closed half-space is a set {v € R" : . a > ¢} for some a € R",c e R. If H is a
hyperplane in R”, then the complement R” — H has two components whose closures are
half-spaces. It follows that the closure R of a region R of A is a finite intersection of
half-spaces; that is, a convex polyhedron of dimension n. A bounded polyhedron is called a
convex polytope.

An arrangement A is in general position if
{H\,Hs,...H,} CAp<n = dim(HiN..NH,) =n—p, and

{Hl,HQ,..‘,Hp} - A,p >n = H{N.. ﬂHp = 0.

For instance, if n = 2, a set of lines is in general position if no two are parallel and no three
meet at a point.

Example 2.1 Let A consist of m lines in general position in R?, then r(A,,) can be
computed using the following method. Initially A; = (), then add a line L to A such that
Ay U L is in general position. When we travel along L from one end at infinity to the other,
every time we intersect a line in Ay, we create a new region at the end. Before we add any

lines, we have one region, the whole of R2. Therefore,

m

r(An) = #intersections + #lines + 1 = (2

>+m—|—1



II.2 THE INTERSECTION POSET

Recall that a partially ordered set called a poset, denoted as (5, <), is a set S

together with a partial order relation <, where < on S is called a partial ordering if it is
o reflexive: a <aVaes
e antisymmetric: a <bandb<a=—=a=0>
e transitive: a <bandb<c=a <c

A partial order denoted by x < y means x precedes y, while x < y means x strictly
precedes y. For instance, the inclusion relation C is a partial ordering on the power set
P(S) of a set S; that is, (P(S), C) is a poset. Similarly, the relation < is a partial ordering
on the set of integers Z; that is (Z, <) is a poset. If z <y in S, then the closed interval
[z, y] is defined by

[Ty ={zeS:2<z<y}
Here, the empty set is not a closed interval.

Definition 1. Let A be an arrangement in V', and let L(.A) be the set of all nonempty
intersections of hyperplanes in A, including V' itself as the intersection over the empty set.
Define x <y in L(A) if z O y (as a subset of V). In other words, L(.A) is partially ordered
by reverse inclusion. We define the intersection poset of A as L(A). The element

V € L(A) satisfies V' <z for every x € L(A). We say that y covers z in a poset S, if z <y

and no z € S satisfies x < z < y.

Every finite poset is determined by its cover relations. The Hasse diagram of a finite
poset is obtained by drawing elements of S as dots, with x drawn lower than y if x < y,
and with an edge between x and y if xy.

A chain of length k in a poset S is a set 9 < x; < --- < x} of elements of S.



The chain is saturated if x1z5...x,. We say that S is graded of rank n if every
maximal chain of S has length n. In this case, S has a rank function rk : P — N defined

by
(a) rk(xz) =0 if x is a minimal element of S
(b) rk(y) =rk(z)+ 1 if zy in P.

If x <y in a graded poset S, then we write rk(x,y) = rk(y) — rk(z), which is equal to the

length of the interval [z, y].

Proposition 11.2.1. let A be an arrangement in a vector space V= K™. The intersection

poset L(A) is graded of rank equal to rank(A). The rank function of L(A) is given by

rk(z) = codim(x) = n — dim(z)

where dim(z) is the dimension of x as an affine subspace of V.

Proof. Since L(A) has a unique minimal element V', the whole space, it suffices to show
that (a) if zy in L(A) then dim(z) — dim(y) = 1, and (b) all maximal elements of L(.A)
have dimension n — rank(A). By linear algebra, if H is a hyperplane and x an affine
subspace, then H Nz = z or dim(x) — dim(H Nz) =1, so (a) follows. Now suppose that z
has the largest codimension of any element of L(A), say codim(x) = d. Thus z is an
intersection of d linearly independent hyperplanes Hy, Hs, ..., Hy in A. Let y € L(A) with
e = codim(y) < d. Thus y is an intersection of e hyperplanes, so some H;(1 <i < d) is
linearly independent of them. Then y N H; # () and codim(y N H;) > codim(y). Hence, y is

not a maximal element of L(A), proving (b). [

1I.3 THE CHARACTERISTIC POLYNOMIAL

A poset S is locally finite if every interval [z, y] is finite. Let Int(S) denote the set

of all closed intervals of S. For a function f : Int(S) — Z, write f(z,y) for f([z,y]). We

8



now come to a fundamental invariant of locally finite posets.

Definition 2. Let S be a locally finite poset. Define a function p = pg : Int(S) — Z,

called the Mobius function of S by the conditions:

wx,z) = 1,Vres

wle,y) = — Z pu(zx, z),for all x < y in S

z<z<y

This second condition can also be written as

Z p(z,z) =0, forallz < yin S
z<z<y
If S has a 0, then we write p(x) = (6, ). An important application of the Mobius
function is the Mdbius inversion formula. Let J(S) = J (S, K) denote the vector space of
all functions f : Int(S) — K. Write f(z,y) for f([z,y]). For f,g € J(S5), define the
product fg € J(S) by
foley) = > flz,2)g(zy)

x<z<y
This product makes [J(P) an associative Q algebra, with multiplicative identity

given by the Kronecker delta function § where

1L,ifx =y,
5=

0,ifx < y.

Define the zeta function ¢ € J(P) of P by ((z,y) = 1 for all z <y in P. Note that the
Mébius function p is an element of J(P). The previous definition of y is equivalent to the
relation u¢ = 0 in J(P). In any finite-dimensional algebra over a field, one-sided inverses

are two-sided inverses, and so u = ¢~ in J(P).
Theorem I1.3.1. [1] Let P be a finite poset with mébius function u, and let

9



f,g: P —> K. Then the following two conditions are equivalent:

flw) = Y gly)VeeP

g(x) = > pla,y)f(y),VreP

y>z

Proof. The set KT of all functions P — K forms a vector space on which J(P) acts on

the left as an algebra of linear transformations by

() () =D &) f(y)

y>w

where f e K and € € J(P). The mobius formula is then nothing but the statement

(f=g9g f=ug

Definition 3. The characteristics polynomial

xa(t)= Y plx)m®

z€L(A)

Proposition 11.3.2. Let A be given by Qu(z) = x125...x,, then

xa(t) = (t=1)"

Theorem I1.3.3. Whitney’s Theorem: Let B C A be central; meaning (\y .z H # 0,

then

xa(t) = Z pu(z) @) = Z (—1)#Bn—rank(®)

z€L(A) BCA , B is central

10



Figure 1: Poset of hyperplanes

Theorem 11.3.4. Zaslavsky’s Theorem:(1975)

r(A) = (=1)"xal=1)
b(A) = (1) xa(1)

Example I1.3.5. Let A be the arrangement of Figure 1 above, then

xa(t) =3 —4t* + 5t — 2 = (t — 1)*(t — 2)

This is because, from the definition of x 4(t) where A is in K", we have

xalt) =t" — (FA" 1 4 .

I[1.3.1 Arrangement in General Position

Proposition I1.3.6. Let A be an n—dimensional arrangement of m hyperplanes in general

position, then

11



In particular, if A is a real arrangement, then

Proof. Every B C A with #B < n defines an element xp = ()5 H of L(A). Hence L(A)

is a truncated boolean algebra:
L(A) = {S C [m] : #5 < n}

ordered by inclusion. If z € L(A) and rk(x) = k, then [ 0, 2] & By, which is a boolean

algebra of rank k. By a previous result, we have u(z) = (1)¥. Hence

wlt) = 3 (e

SCm],#S<n

— En:(_ni(f) £

=0

Example 11.3.7. Consider the coordinate hyperplane A with defining polynomial
Qu(z) = x129...,. Every subset of the hyperplanes in A has a different nonempty
intersection, so L(.A) is isomorphic to the boolean algebra B,, of all subsets of [n], ordered

by inclusion. We claim that

xalt) = (t—-1)"

To show this, let y € L(A),rk(y) = k. We claim that

12



The claim is clearly true for rk(y) = 0 when y = 0. Now let y > 0. We need to show that

<y

The number of = such that © <y and rk(z) =i is ({f) so that the last equation is
equivalent to the well-known identity Zf;o(—l)i(’z) =0 for £ > 0. This completes the

proof of the claim.

IT1.4 THE FINITE FIELD METHOD.

This is an interesting method [5] for computing the characteristics polynomial of an
arrangement defined over Q. If an arrangement A is defined over QQ, then we may assume
that it is defined over Z as well because multiplying the equations of hyperplanes in A by a
suitable integer gives an arrangement over Z. In that case, we can take coefficients modulo
a prime p and get an arrangement 4, defined over the finite field F,, ¢ = p”. We say that A
has a good reduction mod p (or over ) if L(A) = L(A,).

Proposition I1.4.1. Let A be an arrangement defined over Z. Then A has a good

reduction for all but finitely many primes p.

Proof. Let Hy, Hs, ..., H; be affine hyperplanes, where H;,1 <i < j, is given by the

equation v; . a;(v;, a; € Z) By linear algebra, we have Hy N ...N H; # () if and only if

U1 U1

rank o = rank

13



Moreover, if this equation holds, then

U1
dim(Hy N...N H;) =n —rank

Uj

Now, for any r x s matrix A, we have rank(A) > ¢ if and only if some ¢ x ¢ submatrix B
satisfies det(B) # 0. It follows that L(A) 2 L(A,) if and only if at least one member S of a

certain finite collection § of subsets of integer matrices B satisfies the following condition:

(VB € S), det(B) # 0 but det(B) = 0(modp)

This can only happen for finitely many p; that is, for certain B we must have p

divides det(B), so that L(A) = L(A,) when p is sufficiently large. |

Theorem I1.4.2. [1] Let A be an arrangement in Q", and suppose that L(A) = L(A,) for

some prime power q. Then

xalg) = #@E— |J H)

HeA,
= ¢ —-#(|J "

HeA,

Proof. Let x € L(A,) so #x = ¢®™(z). Here, dim(z) can be computed over Q or F,.

Define two functions f, g : L(A,) — Z by

y>x

14



In particular,

Clearly,

f@)=> gy)

y>x
Let p denote the Mébius function of L(A) = L(A,). By the Mébius inversion theorem, we

have

g(zr) = Y pu(z,y)fy)

y>x

= > ulz, )t

y>w

Put z = 0 to get

9(0) = > u(y)g™® = xalq)

y>z

15



CHAPTER III: THE BRAID, GRAPHICAL AND SHI ARRANGEMENTS

III.1  STIRLING’S NUMBERS

Before we proceed to talk about the hyperplane arrangements of this chapter, it is a
good idea to review some interesting combinatorial objects that will be used in the later

work. These are the Stirling’s numbers of the first and second kinds.

II1.1.1  Stirling’s Numbers of the second kind. By a partition of a set S we mean a
collection of nonempty, pairwise disjoint sets whose union is .S. Another name for a

partition of S is an equivalence relation on S.

Definition 4. Let S(n, k) be the number of partitions of [n] into k subsets. We call the

sequence S(n, k) Stirling’s number of the second kind.[9]

These numbers are of great combinatorial significance as they naturally feature
when we enumerate other interesting mathematical objects, as we will later see. Without

much work, we can see that these numbers satisfy the recurrence relation
S(n,k)=Sn—-1,k—1)+kS(n—1,k);S(0,0) =1

where S(n,k) =0for k >norn <0ork <0 and S(n,0) =0 for n # 0. Hence the
recurrence is valid for all n, k except at (0,0) at which nit equals 1. Let the generating

function of S(n, k) be defined as

Bi(z) =Y S(n,k)a"

Taking the generating function of the recurrence and simplifying gives

X

By(z) = 1—kx

Bi_1(z) (k> 1;By(z) =1)

16



Solving this first order recurrence relation gives

k

;S LK T ey S

This last equation means that

S(n,k) = [2"]Bg(x)

As a side note, the number of onto functions from a set of size n to a set of size k is

equal to the number of ordered partitions of a set of size n into k subsets, which is equal to

k'S(n, k) = i(—l)kT (k> " (n,k > 0)

[I1.1.2  Stirling’s Numbers of the first kind The sequence s(n, k) which represents
the number of permutations of [n] with k cycles is called the Stirling’s number of the first

kind. It satisfies the recurrence relation
s(n+1,k) =ns(n, k) + s(n,k —1); s(0,0) =1,s(n,0) =s(0,n) =0;n>k >0

Let

17



Taking the generating function of both sides of the recurrence relation with respect to k,

simplifying and solving it, we have

Bu(y) =Y s(n k) =y(y+1)..(y+n—1)

k>0

This implies that

s(n, k) = [y"] (y(y +1).(y+n— 1))

A closely related sequence to s(n, k) is the signed Stirling’s number of the first kind s*(n, k)
which is defined as

s*(n, k) = (—=1)"s(n, k)

Multiplying both sides of the last equation by (—1)"~* and then replacing —y by x, we see

that

s*(n, k) = [2¥] (m 1)z —n+ 1))

One interesting relationship between Stirling’s numbers is the following equation called
Stirling reciprocity whose proof will be given as an application of the Braid

Arrangement.
n

Z s*(n, k)S(k, j) = Ojn

k=j

II1.2 THE BRAID ARRANGEMENT

Recall that the characteristics polynomial x4, (p) of the hyperplane arrangement

A, ={Hy,..., H} is defined as

Xa(g) = > (e, Dp™X = #(Fy —nl_ H,)
XeL(Ap)

18



Definition 5. [2] The Braid arrangement B,, is defined as

Bn - {Hij}1§i<j§n

Where
Hij:{LUGF;:I.IZ‘:Ij}

From the above definition we see that

xalp) = #{v € Fy 2 # x5}

We can choose x; in p ways, x5 in p — 1 ways, since it must be distinct from x;.

Continuing this way, we find that

xalp) =pp—-1)p—2)..(p—n+1)

Recall that the signed Stirling’s number of the first kind s*(n, k) is given by

s*(n, k) = [p"(p(p — 1)...(p —n + 1).

Therefore, we have

We know that Stirling’s number of the first kind counts Stirling’s number of the second
kind; that is, partitions. Knowing that the braid arrangements are also closely related to
partitions, it turns out that the key to this relation is Stirling’s reciprocity. Recall also that

Stirling’s number of the second kind S(k, j) is defined as

S(k,j) = #{partitions of [k] into j nonempty parts} = #{\ € Il : |\| = j}.
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where ITj;, = the set of all partitions of [k]. If we consider some fixed A € Il where |7| = k,

we can then write
S(k,j) =#{A elly: [A[=j, A = 7}
For signed Stirling’s number of the first kind, we know that

xalp) = s k)pt = > (X, Dphm¥

k=1 XeL(By)

where 1 = xep, X- This implies that

Sk =Y )

XeL(By),dimX=k

= Z M(Oa 7T)

w€ll,,|r|=k

Putting these together gives a (not so common) proof of Stirling’s reciprocity in the

following theorem.

Theorem I1I1.2.1.

3

s (n,k)S(k,j) = 0;n

k=j

where d;y, s the Kronecker delta notation.

Proof. Using the definitions of s*(n, k) and S(k, 7), we have

Swmbstd) = Y (5 wbmu#Eiem: N =iazr)
k=j k=j > m€elly,|r|=k
S S O SUUSHERY)
A€M A=) N 7<A
= Z NC((j?)‘):(Sj"
AEIL, | A=)
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I1II.3 THE GRAPHICAL ARRANGEMENT

There are close connections between certain invariants of a graph G and an
associated arrangement Aq. Let G be a simple graph on the vertex set [n], and let E(G)
denote the set of edges of G, regarded as two-element subsets of [n]. Write ¢j for the edge
{i,j}-

Definition 6. The graphical arrangement Ag in K™ is the arrangement defined by the

equations:

r,—z; =0, ij e E(G).

Thus, a graphical arrangement is simply a subarrangement of the braid arrangement

B,.[1] If G = K", the complete graph on [n] vertices, then

Agn = B,

Definition 7. A coloring of a graph G on [n] is a map

K:[n]—P

The coloring k is proper if k(i) # k(j) whenever ij ¢ E(G). If ¢ € P then let x¢(q)
denote the number of proper colorings « : [n] — [g] obtained by choosing a vertex, say 1,
and coloring it in ¢ ways. Then choose another vertex, say 2, and color it in ¢ — 1 ways,

and so on. This gives

XK, (@) =q(g—1)(¢—2)..(¢ =n+1)

Let e;(G) denote the number of surjective proper colorings « : [n] — [i] of G. We can

choose an arbitrary proper coloring « : [n] — [g] by first choosing the size i = #k([n]) of

21



its image in (‘i) ways, and then choose k in e; ways. Hence

xalq) = znzei (Z)

=0

It is clear that xg(q) is a polynomial in ¢. Since every surjection (also a bijection)
K : [n] — [n] is proper, then e, = n!. This means that X;(¢) is a monic polynomial of

degree n.

Theorem II1.3.1. For any graph G, we have

Xac(t) = xa(t)

Proof. Let w € Lg. For q € P, define x.(q) to be the number of colorings « : [n] — [q] of G
satisfying:

(a)If 4, j are in the same block of 7, then k(i) = k(j)

(b) If 4, j are in different blocks of m and ij € E(G), then k(i) # k(j)

Given any k : [n] — [q], there is a unique o € L such that k is enumerated by x,(q).

Moreover, x will be constant on the blocks of some 7 € L if and only if 0 > 7 in Lg. Hence

¢ = Z Xo(q) V7€ Lg

o>

where |7r| denote the number of blocks of 7. By mébius inversion, we have

Xx(q) = qlu(r, o)

o>

Letting m = 0, we get

xa(g) = d"lu(o)

oc€Lg
Since |o| = dimX,, so comparing the form of xs(¢q) and the definition of y 4 earlier given,

the result follows. [}
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Corollary II1.3.2. The Characteristic polynomial of the Braid arrangement B, is given by

X5, (t) = t(t — 1)..(t —n + 1),

Proof. Since B,, = Ak, , then from theorem 4.2, we have

X8, (1) = Xy, (1)

the result follows from earlier result. [ |

II1.4 THE SHI ARRANGEMENT

The shi arrangement is a deformation of the braid arrangement. Let S,, represent

the shi arrangement, then

Sp={(z1,.,y) EFP oy +2;=0,1, 1<i<j<n}

Thus, S,, has n(n — 1) hyperplanes and rank(S,) =n — 1

Theorem II1.4.1. /3] The characteristics polynomial of S, is given by

S, =tt—n)".

Proof. Let p be a large prime. By Theorem 3.8, we have

XSn(p) = #{(v1, .., v0) €EF) ti+2;=0,1, i <j = x;+2; #0,1}

Choose a weak (empty set is allowed) ordered partition 7 = (B;...., B,—,) of [n] into p — n
blocks, meaning that B; N B; = () if i # j such that 1 € B;. For 2 <1i < n there are p —n
choices for j such that i € Bj, so (p — n)"! choices in all. There is a bijection from the

(p —n)" ! weak ordered partitions 7 = (Bjy, ..., B,) of [n] into p — n blocks such that 1 € B,
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together with the choice of x; € F, to the set F)) —Upe(s,), . There are (p — n)"~ ! choices

for m and p choices for zy, so it follows from theorem 3.8 that xS, (t) = t(t — 1)"~* |

Corollary II1.4.2.
r(Sy) = (n+1)""1 b(S,) =(n—1)"""
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CHAPTER IV: THE THRESHOLD HYPERPLANE ARRANGEMENT

A hyperplane arrangement 7, in R” is called threshold arrangement if
Ton={zi+z;=0:1<i<j<n}

The finite field method earlier described, developed by Athanasiadis, converts the
computation of the characteristics polynomial to a point counting problem. A combination
of the results of Athanasiadis and Zaslavsky allows for the computation of the number of

regions of several arrangements of interests.

Theorem IV.0.1. Let n be a positive integer, then there exists a monic polynomial f,(x)

of degree n with integer coefficients such that for any sufficiently large prime

P, x7.(P) = fu(p)-

Proof. Consider the (g) hyperplanes defined by the equations x; + z; = 0,1 <17 < j <mn;
that is, the threshold arrangement on K". For every non-empty subset P; of these
hyperplanes, let A; be a matrix whose rows are the coefficients of hyperplanes contained in

P;. Then A; defines the linear map

where m; = # of hyperplanes in P;. Then Null(A4;) is the intersection of the hyperplanes

in P;. Therefore, we have

n

) ) hyperplanes|

X7.(p) = p" — |set of all points in the (
= p" — [set of all points in the union of the (') hyperplanes|

= pn_l{(x17‘r27'axn) :xi+xj20,1 §Z<j Sn}|
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Using the exclusion-inclusion principle, we have

X7 (p) =p" = Y £ [Null(4)|

A;CS

where S is the collection of all the (2(3) — 1) sets of hyperplanes. By the rank-nullity

theorem,
dim(Null(4;)) = dim(F)') — dim(Range(A;))
= n—rank(4;)
— Null(4;)) = prrank)
Therefore,

X7 () =p" = > £ p" A = f(p) s p> v,
A;CS

We know that rank(A;) is equal to the maximal order of a non-zero minor of A;. But the
set of all minors of A; is finite. Therefore, if v,, is the maximum prime divisor of one of
these minors of A;, then for every p > v, we have rank(A4;) independent of p. Also,

rank(A;) > 1 because the entries of A; are not all zeros. Therefore,

X7.(p) = O(p") = fu(p)

Theorem IV.0.2. [4] The Characteristic polynomial of the threshold arrangement T, is

given by

n

k
X7 (0) = 3 (S(n. k) + nS(n— 1,k) [[ (0 — (20 - 1)).
k=1 k=1
Here S(n, k) are Stirlings number of the second kind.

Proof. By the previous results of the finite field method, the characteristics polynomial of
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T,, satisfies, for large odd values of p,
X7, (p) = #(Zy \ UHi)aHi € Tn
This is equivalent to
x7.(p) = {(21, ., 00) €Zy vy + x5 # 0 forall 1 <i < j <nj

This implies that we need to count the functions f : [n] — Z, such that

(MO <1

(2)f can take at most one value from each of the sets {1, -1}, {2, -2}, ..., {&2, #}

We split the count into two cases. If 0 is not attained by f, then all values must be from

p—1 —(p—1)
{L-u{2-2u.u{—H —

.

with at most one value attained in each set. So, there are
p—1
( 2 )2’“1{:!5(71,/{)

ways for f to attain values from exactly k of these sets. This is because we have (pT;)Zk
ways to choose k sets and which elements f should attain and k!S(n, k) to choose the
images of the elements of [n] after making this choice. So, the total number of f such that

0 is not attained is

i (pf) 2F k1.S(n, k)

k=1
When 0 is attained there are n ways to choose which element of [n] gets mapped to 0, and

using a similar logic for choosing the images of other elements, we get that the total
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number of f where 0 is attained is

n. Z (pf) ok k1.S(n — 1, k)

So we get that for large p,

xTn(p) = n. Z ( >2’€ k.S (n, k) + Y (%)2’%!.5@- 1, k)

k=
n k

= D (S k) +nSn—1,k) [[(0— (20 = 1))
k=1 k=1
Since x7, is a polynomial, we get the required result. [

IV.0.1 Threshold Graphs Labeled Threshold graphs on n vertices are inductively
constructed starting from the empty graph. Vertices labeled 1,...,n are added in a specific
order. At each step, the vertex added is either dominant or recessive. A dominant vertex is
one that is adjacent to all vertices added before it and a recessive vertex is one that is
isolated from all added before it. Figure 2 below shows a construction of a labeled
threshold graph on five vertices. Any construction of a labeled threshold graph can be
expressed as a signed permutation (a permutation whose symbols or numbers may carry a
tilde). The construction associated to a signed permutation is the one where the vertices
are added in the order given by the permutation such that any number assigned a tilde
sign is dominant while others are recessive. For example, the signed permutation
associated to the construction of Figure 2 assuming that vertex 2 is added as dominant is
23145. Clearly, there may be more than one way to construct a particular labeled threshold
graph. For example, it can be checked that the construction obtained from 32415 also
yields the same graph as that in figure 2. Hence after making a canonical choice of
construction for each graph, we can represent labeled threshold graphs by certain signed

permutations. Using this logic, we can show that labeled threshold graphs are in bijection
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Figure 2: Construction of a labeled threshold graph on 5 vertices

with with certain signed permutations called threshold pairs in standard form

Definition 8. A threshold graph is defined recursively as follows

(1) The empty graph is a threshold graph.

(2) A graph obtained by adding an isolated vertex to a threshold graph is a
threshold graph. Such a vertex will be called recessive vertex of the graph.

(3)A graph obtained by adding a vertex adjacent to all vertices of a threshold graph

is a threshold graph. Such a vertex will be called a dominant vertex of the graph.

Definition 9. A threshold pair in standard form of size n is a signed permutation on [n]
that satisfies the following conditions:

(1) The signs of the first two numbers are the same.

(2) If the sign of any two consecutive numbers is the same, the first number is

smaller.

Example IV.0.3. 235146 is a threshold pair in standard form whereas 235416 is not. The
labeled threshold graphs on n vertices are in bijection with threshold pairs in standard
form of size n. A threshold pair in standard form (7, w) corresponds to a labeled threshold
graph obtained by adding vertices in the order given by the permutation such that:

(1) The vertex 7; is added as a dominant vertex if m; carries a tilde, meaning that
w; = +

(2) The vertex 7; is added as a recessive vertex if m; does not carry a tilde, meaning

that w; = —.
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We will use this threshold pairs in standard form to show that the regions of the

threshold arrangement are in bijection with the labeled threshold graphs.

Theorem IV.0.4. [4] The regions of the threshold hyperplane arrangement T, are in

bijection with threshold pairs in the standard form of size n.

Proof. Given a threshold pair in standard form (7, w), we associate the region of 7, where
for any 1 <i < j <n, we have:

(Dar, + 27, > 0,w; = +.

(2)ay, + x;, > 0,w; = —. This does correspond to a region since a point (ay, ..., a,)
in R™ with a; nonzero, sign of a; being w;,and |ar,| < |an,,,| for all i € [n — 1] satisfies the
inequality of the threshold region. It can be checked that different pairs in standard form
are associated with different threshold regions.

Conversely, given a threshold region R, it is possible to find a point (ay, ..., a,) in the
region with all coordinate nonzero and having distinct absolute values. Let b; denote the
absolute value of a; and w; be the sign of a; for all i € [n]. Let 7 7,...m, be the
permutation on [n] such that 0 < by < by <. <by. Let 7 be the signed permutation of
Ty Ty... T, where ; is assigned the sign W, In fact, we can assume that w, = w,. If
w) # w,, consider the point (ci, ..., ¢,) where ¢; = a; if i # 7, and Cpl = Ay We claim that
this point is also in R by showing that a; 4+ a; > 0 if and only if ¢; 4+ ¢; > 0 for any
1 <1i < j < n. This is clear if neither ¢ nor j is 7r/1. The number Qe has the least absolute
value, hence for any j # 7r'1, a; does not lie between —ay and Ot that is, between Crl and
Oyt - Consequently, for any j # 7, aj > —a.; if and only if ¢; > —Cyl So (c1, ..., ¢,) lies in
R and the signed permutation constructed as described above has the first two signs equal.
The threshold pair in the standard form obtained by reordering all maximal strings of
numbers of the same sign in (7', w") to ascending order is the one associated with this
region. Let (7, w) be this threshold pair in standard form associated to R.

Let 1 <i < j <n. If w; =+, this means that ar; > 0 and hence by, = ar;. If

w; = +; that is ar, > 0, we automatically get ar, > —a,,. If w; = —; that is, a,, <0, we
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must have b, > b, < since m; and 7; have different signs and hence have the same relative
positions in 7 as they did in 7. In any case, we have a,, + ar; = 0. This means that R
should lie in the half-space zr, + z; < 0. This shows that R is the same region as the one
associated to (m,w) as described earlier. Hence the two maps described above are

inverses. [ |

Corollary IV.0.5. There is a bijection between regions of 7, and labeled threshold graphs

on n vertices.

Proof. Combining the bijections described above gives us a bijection between regions of 7,
and labeled threshold graphs on n vertices where, for any 1 <i < 7 < n, there is an edge
between the vertices of ¢ and j in the labeled threshold graph if and only if x; +x; > 0 in

the corresponding region. [ |

Proposition IV.0.6. [8/ Let p be an odd integer. Then exponential generating function of
T, is given by

S xn )5 = (14 ) (e~ 1)’

n>0

Proof. We know that

n k

X7 (p) = Y (S(n. k) +nS(n—1,k) [ [0 - (2 = 1))

k=1 1=1

Therefore,
ZL’n n k ZL‘"
Yoxn= = D) (Sthk)+nSn—1Lk) [[(0—(2i—1)=
n>0 n: n>0 k=1 i=1 s
= FR)S(m. )=+ DD fknS(n—1,k) =
k=1 n>0 n k=1 n>1 s
where



Now,

ZS(TL, k) nn

S | B
i
=
T
—_
T
—~
S
N———
®3
S | 8

n>0 ’ n>0 >0
B 1 wei (K (z)”
- Y (D)
>0 n>0
1 k—i k xi
- X0 (0)r
>0 >0
k! Z i)
>0
= w4
Also,
:L‘n t,L,nfl
n>1 n>1
= xZS(n, k) '
n>0
1 (1—e")
Since p is odd, let p =2r — 1,7 =1,2, ..., then
k k
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Putting these together, we have

St = S e e (Dre-p

= (1+u2) ’;(2835 -9 (l:) b
- (1+a) ’;(M - 2)" (T K 1>

= (I+2)2" —1)""

= (1+2)2" —1)F ' =(1+a2)(2e" —1)"7

Let [2"]f(x) be read as the coefficient of 2™ in f(z), then from proposition 5.6, we

see that
) = () (+a)ee -1
— ) = [l e =)'+ L a2~ )

- B ey e (T) + 5 e e ()
- Serriges(T) s Dot Ener(T)
- ;(—1)”2—’“ 20" (p?l) + M(— )z [x::] 2"d r"—l(p?l)

Therefore,

) = -0F 2 ()



The last equation is a polynomial in p of degree n.

Special Cases:

Forn =3:(1,6,4), we have

x7i((P) =

= (p—Dp-3)p-5+6(p-1)(p-3) +4p—-1)

= (p—17°

For n =4:(1,10,19,5), we have
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i) = 0T (7)ot
) = S0 ()@ 1060 4 196 + 50

r>0

= (22— 1)"T)® +10((2z — 1)"7)® + 19((2z — 1)"7 )@
+ 520 — 1)) W],

= (=D -3)p-5FE-7+10(p—-1)p-3)(p->5)

+ 19(p = D(p—3) +5(p—1)

= pt—6p+15p° — 1Tp+ 7

Theorem IV.0.7. Let the finite sequence {ay}}—, be such that

4t = Z;é ak(f)(”’k)]x:l, 0<k<n-—1,n—k<r, then
n—1 n—k
x7.(0) =Y ([ [0 — (2r — 1))
k=0 r=1
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Proof.

i = ST (T e

- YTy (7) [k (2"
= [(:Z;: ; a(—1)7 (,?1) (22)") " Moy
_ [(:Z:‘; (2 — 1)) R

- :z:;ak[(@x — 1)),

~— . .p-1p-3p—5 p—2n+2%k+1
Zakg

2 2 2 2
k=0

n—1 n—k
B - p—(2r—1)
= > e [[=—5—
k=0 r=1
n—=k

= Y- 2 1)

r=1
[ |

For n = 3,4, = 1,6, 4, for n = 4, = 1,10, 19, 5. Therefore, computing xr, (p) for
all odd p is a problem reduced to computing the finite sequence ay; which are the

coefficients of (27)™*) such that r™ + nr"~! = [22;3 ag(z") Ry

Theorem IV.0.8. In general, for n = n, let o, be such that

n—1
4Tl = [Z Ozm,n(a:r)("_m)]x:l, 0<n—-m<r
m=0
Then,
k—1
Qpn = — Z am,n(_l)kimskfm,nfmflu 2 S k S n
m=0
where
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Spqg = g ajay - - a,

0<a1<az<-<ap<q

= E a1ag - - - ap

1<a1<az < <ap<gq

Soq = 1

Proof.

= Z Oémm(—1)n_m_kSn—m—k,n—m—l :

m=0

In particular, since

[ 4 ™) =1, P ) =

we have
n—1 n(n+1
o, =1, aln:n+Sln—1:d+n( )Z ( )ZSM
I ’ El 2 2 ’

Also, for k =0,1,2,--- ,n — 2, we have the recurrence relation

n—k

Z am,n(_1)nimiksn—m—k,n—m—1 = 0.

m=0
This gives

37



n—k—1

Z am,n(_ 1)n7miksnfmfk,nfmfl .

m=

AOp—kn =

o

Replacing k by n — k on both sides gives

k—1
Qg p = — Z am,n(_1>k_msk—m,n—m—1a 2 S k S n
m=0

For instance, for n = 3, we have

3)(4
Qg3 = —0p3522 + 13511 = —2+ %-1 =4, a3 =—"-—=06, qpz =1

= xn® = @-DE-3)p-5+6(p-1)pE-3)+4p-1)
For n = 4, we have

s =104 = 10, ang = —(0aSs — a1.4812), Sz = (1)(2) + (1)(3) + (2)(3) = 11
— s = —(11-10(3)) =19
azy = —(—apsS53+ 14592 — 2451,1)
= —(=(M(2)3) +10(1)(2) = 19(1)) =5
= x7lp) = (p-DE-3)p-5FE-7)+10p—-1)p-3)(Fp-5)

+ 19(p-1p-3)+50p-1)
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[4]

il v, (1) r(T,)

2 2 — ¢ 2

3 th— 3+ 3t -1 8

4 t— 613 + 1582 — 1Tt + 7 46

5 % — 1081 ++ 45¢* — 1051* 4 120t — 51 332

6 1% — 15¢% 4 10581 — 410£* + 90042 — 1012 + 431 2874

7 17— 21#°% ++ 210#° — 12258 + 43401* — 905842 + 99611 — 4208 20024

8 1% — 2817 4 37810 — J0661° + 158551 — 5223443 + 104433¢2 334982
112163t + 46824

9 17 — 361% + 63017 — 6762£% + 47817 — 2263804 + T03815* 4349492
135542712 + 1422483t — 586141

10 110 — 4589 +-9904° — 1356017 4+ 125265 — 8015074° 43541125+ 62749906
10491450t* + 195463352 — 200683911 + 8161237

Figure 3: Characteristic polynomial and the number of regions of 7, for n < 10

For n = 5, we have

aos = 1,a1s =15, 095 = —a55.4 + @155
= —((2)+ M)+ (1)4) + (2)3) + (2)(4) + (3)(4)) + (15)(6) = 55
Qs = 05S54— 01553+ Q255
= (D@)B)+1)(2)(4) + (1)(3)(4) + (2)(3)(4)) — 15((1)(2)
+ (1)3) + (2)(3)) +55(3) = 50
Qus = —005514+ 15553 — 9592 + 35514
— —414+15(3!) — 55(2!) 4+ 50(1!) = 6
() = =D =3)p=>5)p-"(pP-9+15(p—-1p-3)p->5F-7)

+ 55(p—1)(p—3)(p—5)+50(p—1)(p—3)+6(p—1)
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CHAPTER V: THE COMPLETE HYPERPLANE ARRANGEMENT

V.1 CHAPTER Fi1viE: THE COMPLETE ARRANGEMENT

The complete (aka resonance) arrangement A, is the arrangement of hyperplanes in
R™ given by all hyperplanes of the form ), ;z; = 0 where I is a nonempty subset of [n].
We consider the characteristics polynomial x 4, () of the resonance arrangement whose
whose value at -1 is of particular interest as given by Zaslavsky theorem. No formula is
known for either the characteristics polynomial or its evaluation at -1. The coefficients of
the characteristics polynomial are also equal to the Betti numbers of the complexified
hyperplane arrangement; that is the coefficients of "% is denoted by the Betti number

bi(A,). Explicit formulas are known for the Betti numbers up to bs(.A4,,).

Definition 10. The resonance arrangement A, for n > 0, is the hyperplane arrangement

in R™ defined by the equations

An={> 2 =0]I C [n]}

iel
Equivalently, it is the collection of hyperplanes whose normal vectors are nonzero with
entries on {0,1}. Moreover, let R,, be the total number of regions created by the
hyperplanes in A4, which is equal to the number of connected regions in the set obtained
from R™ by removing the solution space of all the equations of A,. Recall that the

characteristics polynomial of a hyperplane arrangement A4 over a field is given by

xalt) = Z(—l)mt”*r(ﬂ, r(T) = rank of T
TCA

By Zaslavsky’s theorem, y4(—1) = R,,.
V.1.1 Resonance Hyperplane Arrangement Over the ring Z, [10] We speak of

hyperplane arrangement over a field, not a ring. Therefore, we can talk about hyperplane

arrangement over the finite field Z, for a prime p, and more generally for Z,,, even though
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Z,, is not a field if n is not prime. This is because any hyperplane arrangement over Q can
be viewed as one over Z, by multiplying the equations of the hyperplanes by a sufficiently
large integer. This gives a set of hyperplanes over the ring Z,. Therefore, this work will

routinely refer to hyperplane arrangement over Z, without any confusion arising.

Definition 11. Let Z, denote the ring of integers modulo n. A vector (vi, vy, ..., vq) in Z2
is said to be a zero-sum free d—tuple if there is no nonempty subset of its components
whose sum is zero in Z,. Let the collection of all such be denoted as G(n,d), and let

a(n,d) denote the cardinality of G(n,d).

Theorem V.1.1. For any fized d, o(p,d) = x(Ag; p) for all p such that no 0-1 matriz of

size d has determinant equal to a nonzero multiple of p.

Proof. For each subset S C {0,1}¢, let f(S) denote the number of d—tuples v which
satisfies v.z = 0 for each vector = € S; that is, each designated subset sum is zero. We want
to find f(cC {0,1}%\ {(0,...,0)}). By the principle of inclusion-Exclusion, this is the sum
over all subsets of k& hyperplanes of (—1)* times the number of points in the intersection of
the k& hyperplanes., over all £ < d. The number of points in the intersection of the
hyperplanes is given by n?~", where r is the rank over F, of the 0-1 matrix A with rows
given by the coordinate vectors of the hyperplanes. We claim that r is also the rank of A
over Q. Indeed, since all determinants of minors are 0 mod p if and only if they are zero in
Z, the rank must be the same. Thus, they are p?~" solutions, and therefore, a(p, d) is a

polynomial in p given by

Oé(p, d) = Z pd—r(S)7

SCAy

where r(S) = rank of S. This is exactly the same as the definition of x(Ag;p). Therefore,

a(p,d) = x(Aa;p)
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Theorem V.1.2. Let d be a positive integer, then there exists a monic polynomial fq(x) of

degree d with integer coefficients such that for any sufficiently large prime p, a(p,d) = fq(p).

Proof. Consider the 2¢ — 1 hyperplanes defined by the equations Y. ,z; = 0 where I is a
nonempty subset of [n]; that is, the complete arrangement on K¢. For every non-empty
subset P; of these hyperplanes, let A; be a matrix whose rows are the coefficients of

hyperplanes contained in P;. Then A; defines the linear map
. d m;
Ai : Fp — Fp

where m; = # of hyperplanes in P,. Then Null(4;) is the intersection of the hyperplanes

in P;. Therefore, we have

a(p,d) = p®—|set of all points in the 2% — 1 hyperplanes|
= p? — |set of all points in the union of the 2% — 1 hyperplanes|

= p'— (1,70, m0) Y wi=0,1<i<j<d,ICn]}
iel

Using the exclusion-inclusion principle, we have

a(p,d) =p* = Y +|Null(4))]
A;CS

where S is the collection of all the (22! — 1) nonempty intersections of hyperplanes. By

the rank-nullity theorem,

dim(Null(4;)) = dz’m(F[‘f) — dim(Range(A;))
= d—rank(4;)

— Null(4;)) = pdronkld)
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Therefore,

a(p,d) =p* = Y £ p" A = fi(p) s p> g
A;CS

We know that rank(A4;) is equal to the maximal order of a non-zero minor of A;. But the
set of all minors of A; is finite. Therefore, if vy is the maximum prime divisor of one of
these minors of A;, then for every p > vy, we have rank(A;) independent of p. Also,

rank(A;) > 1 because the entries of A; are not all zeros. Therefore,

a(p,d) = O(p") = fa(p)

We know already that for sufficiently large prime p, we have a(p,d) = x(Aqg; p);
also,since a(p, d) = f4(p) for sufficiently large prime p, and both y(Ag; p) and fu(p) are

polynomials of degree d, then we have

a(p,d) = x(Aa;p) = fa(p)

By the finite field formula, we have

d

2¢—1
X(Ag;p) = alp,d) = n' = |Z2\ | Hil

Therefore, we have
d

241
a(p,d) =n' — 23\ | Hil

From our proof above, we refer to a matrix A; whose rows correspond to the coefficients of
the hyperplanes of the set P; C S. The full 0-1 matrix corresponding to S is the 0-1

d x (2% — 1) matrix Hy whose columns are all non-zero binary vectors in F{. For instance,
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1001111
Hy=10101001
0010111

From the proof of the theorem above, the coefficients of z/(0 < i < d — 1) of our
polynomial fy(x) is obtained from all possible null spaces of dimension 7 in the alternating

sum giving by the exclusion-inclusion principle. This gives the following proposition.

Proposition V.1.3. The coefficient of (0 < i < d — 1) of the polynomial f4(x) is given
by Z?d:_ll(—l)jm(j, i), where m(j,1) is the number of subsets of j columns of Hy that span

a d—dimensional subspace of ]Fg.

A closed formula for these coefficients is hard to obtain with the exception of one
case. The coefficient of 247! is given by Z?i}l(—l)jm(j, d—1)But m(1,d—1)=27—1
because every column is nonzero and there are 2¢ — 1 columns, and m(i,d — 1) = 0 for all
1 > 1 because a subset of size more than 1 cannot span a 1-dimensional subspace when
working with binary vectors. Thus, the coefficients of 247! is 1 — 2%, We can also deduce

from this formula that the constant term in «(p,d) is Z?i_ll(—l)jm(j, 0), where m(3,0) is
the number of subsets of 7 columns that span the whole space IF;. Part of what makes a

closed formula for a(p, d) is the fact that it is not easy to get an exact value for threshold
vg mentioned in the last proof. Therefore, the best we can hope for is a bound. This leads

to the following proposition.

Proposition V.1.4. [10] Let d be a positive integer. Then, a(p,d) = f4(p) for all p > d*/?.

In other words, vy < d*?

Proof. Recall that if the prime p exceeds the value of all possible minors obtained from H,,
then a(p,d) = Hy(p) Now, note that even when computing all possible minors of Hy, it is
enough to consider all d x d submatrices because the minors from j x j,7 < d submatrices

will be picked by those of d x d submatrices as can be seen by simply adding appropriate Os
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and 1s. The maximum possible minor of a d x d submatrix of H; can be bounded by
Hadamard’s inequality which states that for any matrix A, det(A) <[], |:||, where ||A,]|
is the Eucleadian norm of the ith column of A. Applying this inequality to a d X d

submatrix of M of H, gives
det(M) < [[11Mi]] < [ Vd = a**

This means that for all p > d¥? we have a(p,d) = fi(p). [
The following theorem offers a generalization to Theorem 2.2.

Theorem V.1.5. [10] For every positive integer d there exists a monic polynomial fq4(x) of
degree d with integer coefficients such that a(n,d) = fq(n) for all n that are relatively prime

to the determinant of any d x d binary matrix.

Proof. The proof is much like the proof of Theorem 2.2, but this time we work with Z,,.

Following a similar pattern, we have
291
a(n,d) =z, \ | Hil

where H;(1 < i < 2¢— 1) are all the possible nonempty intersections of all the hyperplanes

A; in the complete arrangement A. Using the exclusion-inclusion principle, that gives
a(n,d) =n? — Z +|Ker(A;)|
i

Since we are no longer working over a finite field, we look for the cardinality of the kernel
of the group homomorphisim

A 78— Zmim, < d

Since n is relatively prime to the determinant of any d x d binary matrix, in particular, it

will also be relatively prime to any minor of A;. These minors are exactly the collections of
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all the scalars that we multiply with in the process of converting A’s into their RRE forms

d—rank(A;
rank(4i) where

over Z,. This will show that under the given condition on n, |Ker(A;)| =n
rank is computed over the reals. Therefore, we have a polynomial function
fa(z) = 2@ = >, & xd7rankA) guch that a(n,d) = fi(n) for all n that are relatively prime

to the determinant of any d x d binary matrix. [ |

Corollary V.1.6. For every positive integer d, we have a(n,d) = fy(n) if

ged(n, [d¥*]) = 1. In particular, a(p,d) = f4(p) for all sufficiently large primes p.

Proof. Since the determinant of any d x d matrix is at most d%/?, if we choose n such that
ged(n, [d¥?]) = 1, then n will be relatively prime to the determinant of any d x d binary

matrix and we can apply theorem 2.5 above. [ |

Bounds

The exact formula of a(n,d) for d > % is known [10]. However, an exact formula of
a(n,d) eludes us for now, the best we could hope for is to give some nice bounds. Before

that the following definition is necessary.

Definition 12. Let

I(n,d) = {(1, . 24) € G(n,d) : ged(ar, ., 70, m) = 1} R(n, d) = G(n, d) \ T(n, d), and
B(n,d) = |Z(n,d)|. Then,

G(n,d) =Z(n,d)UR(n,d), Z(n,d) N R(n,d) = 0.

Proposition V.1.7. We have 0 < 3(n,d) < a(n,d) < (n —1)¥*(n —2) for all d > 3 and

alln > 3.

Proof. The relation 0 < (n,d) < a(n,d) is clear by definition. For the upper bound,let
(21, ...,24) be an element in G(n,d). Then we know that for all 1 <i < d — 1, we have
x#0and x4 # 0 or 24 # —(x1 + ... + x4-1). So we have at most n — 2 choices for x,; and

n — 1 for the rest. [ ]
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If we restrict to a prime field, we can obtain a sharper bound as follows in the next

proposition.

Proposition V.1.8. For all primes p > 3 and all d > 3, we have

B(p.d) < a(p.d) < (p—1)(p—2)"2(p—3).

Proof. In Zg, every zero-sum-free d—tuple is also irreducible because the condition

ged(zy, ..., xq,p) = 1 is automatically satisfied. For 1 <i <p—1, let G(p,d;i) be the set of
all d—tuples in G(p, d) where the first component is 7. Since p is prime, multiplication by i
induces a bijection between G(p,d; 1) and G(p, d;i). Thus, we have

G(p, )| = (p— 1)|G(p, d; 1)|. Note that

G(p,d) C{(1,29,....,2q) : 21 #00or — 1}

We have at most p — 2 choices for each z;. In addition,xqy # —(1 + x2 + ... + x4_1), and this

quantity cannot be zero or -1 when p > 3. This completes the proof. [ |

Now we consider lower bounds. The following observation can be used to get some
recurrence relation for the lower bound of a(n,d). Let m be a divisor of n. Then the
natural ring homomorphism Z, — Z,, extends to a ring homomorphism ¢ : Z¢ — Z2 .

It is clear that x = (xy, ..., 74) is in G2

Proposition V.1.9. For all m and n such that m divides n, we have

a(n,d) > (n/m)ia(m,d).

Proof. The kernel of the homomorphism v : Z¢ — Z¢2 has order (n/m)%. If (m) is the
ideal generated by m in Z,, then the kernel is (Z,/(m))?. So every zero-sum-free d—tuple

in Z2 pulls back to (n/m)? zero-sum-free d—tuples in Z<. This completes the proof. |
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CHAPTER VI: CONCLUSION

In conclusion, this thesis has provided a moderate introduction to the highly vast
and interesting topic of Hyperplane Arrangement Ouver the Ring of Integers modulo n. In
particular, it has explored the braid, graphical, shi, threshold, and complete hyperplane
arrangements by highlighting their individual characteristic polynomials, apart from the
complete arrangement. It also shows how these arrangements relate to other interesting
mathematical objects such as permutations, set partitions, threshold graphs and graph
coloring. By adopting the finite field method to analyse these arrangements, this work
further reveals a natural connection between the problem of counting connected regions
created by hyperplane arrangements and the combinatorial problem of enumerating points

in some finite field or ring.
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