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1. Introduction

3. Tumor eradication and asymptotic stability

In this work, we study the global dynamics of a mathematical model of tumorimmune interactions developed by de Pillis et al. [1]. This model describes the
dynamics of cancer cells, 𝑇 𝑡 ; natural killer (NK) cells, 𝑁 𝑡 ; and CD8⁺T effector
cells, 𝐿(𝑡). The interactions of these cells' populations are given by the following
set of ODEs:
𝑑𝑇
= 𝑎𝑇 1 − 𝑏𝑇 − 𝑐𝑁𝑇 − 𝐷,
(1)

Applying the Lyapunov’s direct method [4], we propose the following candidate
Lyapunov function ℎ4 = 𝑇, and by computing its Lie derivative we obtain that
𝐿𝑓 ℎ4 0 = 0 and 𝐿𝑓 ℎ4 < 0 if the next condition holds

𝑑𝑡
𝑑𝑁
𝑔𝑇 2
= 𝜎 − 𝑓𝑁 +
𝑁 − 𝑝𝑁𝑇,
𝑑𝑡
ℎ+𝑇 2
𝑑𝐿
𝑗𝐷2
= −𝑚𝐿 +
𝐿 − 𝑞𝐿𝑇 + 𝑟𝑁𝑇
𝑑𝑡
𝑘+𝐷2

(2)
(3)

where
𝑑𝐿𝜆
𝑇.
𝑠𝑇 𝜆 +𝐿𝜆

𝐷=
Additionally, to explore the evolution of the system in presence of a treatment, we
introduce into Equation (3) the adoptive cellular immunotherapy parameter 𝑠𝐿 .
This parameter allow us to control the cancer cells by the external treatment
application. It is important to notice that 𝑇 = 0 is considered a tumor-free state.
Hence, we can obtain by an algebraic process the following tumor-free equilibrium
point:
𝜎 𝑠𝐿
∗
∗
∗
𝑇 , 𝑁 , 𝐿 = 0, ,
.
𝑓 𝑚
Also, is important to consider that the dynamics of the system (1)-(3) is located in
the nonnegative octant defined by
3
𝑅+,0
= 𝑇 𝑡 , 𝐿 𝑡 ≥ 0, 𝑁 𝑡 > 0 .
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Assumption
If a solution describing the growth of a cell population goes below the value of 1 cell,
then it is possible to assume the complete eradication of such population [2].
[2] Valle Paul A., Coria Luis N., Plata Corina. Personalized Immunotherapy Treatment Strategies for a Dynamical
System of Chronic Myelogenous Leukemia. Cancers 13.9 (2021): 22 pages.

2. Localization of compact invariant sets
Localizing domain. If conditions 𝑓 − 𝑔 > 0 and 𝑚 − 𝑗 > 0 are fulfilled, then all
compact invariant sets for the cancer-immunotherapy mathematical model (1)-(3)
are located either inside or at the boundaries of the domain [3]:
𝐾𝛤 = 𝐾𝑇 ∩ 𝐾𝑁 ∩ 𝐾𝐿 ,
where
𝐾𝑇 = 0 ≤ 𝑇 𝑡 ≤ 𝑇𝑠𝑢𝑝 = 𝑇𝑚𝑎𝑥 −
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−
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𝑏
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where
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𝑑 𝑝+𝑏𝑓

and the condition 1 − 𝜌2 > 0 is also fulfilled. These results allows us to propose
the next statement.
Asymptotic stability. If conditions (4) and 𝟏 − 𝝆𝟐 > 𝟎 hold, then the cancer cells
population described by system (1)-(3) is eradicated by the immunotherapy
treatment. The latter implies asymptotic stability to the plane 𝑻 = 𝟎.
[3] Khalil, H. K., Nonlinear systems, Prentice-Hall, 3rd edn., 2002.

4. Neural network controller
In order to estimate a value of the immunotherapy treatment 𝑠𝐿 capable of
eradicate the tumor cells, we propose a one-layer functional-link neural network
controller with 10 neurons on its hidden layer, designed by applying the neural
network approximation property and Lyapunov’s stability theory [5]. We obtain the
following control law and neural network weight tuning algorithms
 𝑇 𝜙 𝑥 + 𝐾𝑣 𝑟, with an activation function 𝜙 𝑥 = 𝑡𝑎𝑛ℎ 𝑥 ,
𝑠𝐿 = 𝑊
ሶ = 𝐻𝜙 𝑥 𝑟 𝑇 , with 𝐻 a positive definite design matrix,
𝑊
where
𝑒 = 𝑇 − 𝑇𝑑 ,
𝑟 = 𝑒ሶ + Λ𝑒,
𝐾𝑣 𝑟 = 𝐾𝑣 𝑒ሶ + 𝐾𝑣 Λ𝑒.
[4] Lewis, F., Jagannathan, S. and Yesildirak, A., Neural network control of robot manipulators and non-linear
systems, CRC Press, 1998.

5. Conclusions

c)

Figure 1. To illustrate our results, we
propose and initial condition for
cancer cells 𝑇 0 = 2.451 × 108 and
the following treatment application
methods:
a) Immunotherapy treatment applied
constantly satisfying conditions for
asymptotic stability until cancer cells
eradication.
b) Immunotherapy treatment applied
by a pulse satisfying conditions for
asymptotic stability.
c) Immunotherapy treatment applied
is the value 𝑠𝐿 estimated by the neural
network controller with 𝐾𝑣 = 0.6,
Λ = 0.1 and 𝑇𝑑 = 0.

Table 1. Comparison between treatment application strategies.

By applying the LCIS method and Lyapunov’s stability theory, we derive sufficient
Days to achieve cancer
Application
method
Total
treatment
supplied
conditions on the parameter 𝑠𝐿 to achieve tumor clearance and asymptotic stability
eradication
of the tumor-free equilibrium point. As shown in Figure 1, all strategies are capable Constant application
4.85 𝑑𝑎𝑦𝑠
1.682 × 108 𝑐𝑒𝑙𝑙𝑠
to eliminate cancer cells population, once the tumor is eradicated the treatment is
turned off, 𝑠𝐿 = 0, then the solutions of the system converges to the tumor-free Application by a pulse with
1.778 × 107 𝑐𝑒𝑙𝑙𝑠
6.98 𝑑𝑎𝑦𝑠
51.2%
duty
cycle
equilibrium point. As shown in Table 1, our results suggest that a pulse application
satisfying the condition (4) reduces the adoptive cellular immunotherapy Treatment estimated by the
1.558 × 107 𝑐𝑒𝑙𝑙𝑠
9.84 𝑑𝑎𝑦𝑠
treatment consumption considerably. Secondly, the neural network controller neural network controller
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