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Nonlocal entanglement of coherent states, complementarity, and quantum erasure
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We describe a nonlocal method for generating entangled coherent states of a two-mode field wherein the
field modes never meet. The proposed method is an extension of an earlier proposal 关C. C. Gerry, Phys. Rev.
A 59, 4095 共1999兲兴 for the generation of superpositions of coherent states. A single photon injected into a
Mach-Zehnder interferometer with cross-Kerr media in both arms coupling with two external fields in coherent
states produces entangled coherent states upon detection at one of the output ports. We point out that our
proposal can be alternatively viewed as a “which path” experiment, and in the case of only one external field,
we describe the implementation of a quantum eraser.
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A few years ago, a proposal was presented for generating
superpositions of various kinds of quantum states of
traveling-wave optical fields 关1兴. The device consists of a
Mach-Zehnder interferometer 共MZI兲 coupled to an external
traveling-wave field mode through a cross-Kerr medium.
With the external field in, say, a coherent state 兩␣典, and with
a single photon injected into the MZI, the coherent state can
be modified depending of the detection of the single photon
at one or the other output ports of the MZI. With a cross-Kerr
interaction large enough to effectuate a phase shift of , one
can produce various superpositions of the form 兩␣典 + ei兩−␣典,
forms of the so-called Schrödinger cat 共quantum superposition兲 states for a single-mode field 关2兴. In addition, cat-like
states of multimode fields states containing correlations between the modes, such as those for the pair coherent states
关3兴, can also be produced if just one of the field modes is
coupled to the interferometer through the cross-Kerr medium. For smaller nonlinearities one can perform “hole burning” in Fock space, i.e., the selective removal of Fock states
from the input field 关4兴.
In this paper, we explore the case where the interferometer has cross-Kerr media in both arms and show how singlemode coherent states in two physically separated modes can
be entangled even though the modes themselves never meet.
The ensuing entanglement is thus of nonlocal origin. Usually,
entanglement of photonic states occurs because of the nature
of the source, such as the down-conversion process which
entangles pairs of photons 关5兴, or because of the action of a
beam splitter on nonclassical input field states 关6兴. The idea
of entangling states of objects that do not directly interact is
not new. For example, when two separated cavities are prepared in a nonlocal single photon state by the passage
through both of a properly prepared atom, then atoms subsequently passing through each of the cavities can become entangled into atomic Bell states 关7兴. With regard to entangled
coherent states, it has been known for some time, from the
work of Sanders and Rice 关8兴 that a nonlinear interferometer
with a self-Kerr interaction in one arm can be used to unitarily generate entangled coherent states, assuming sufficiently large Kerr nonlinearities. In this case the coherent
states to be entangled encounter each other at the first beam
splitter of the interferometer. Entangled coherent states have
many uses in quantum information science 关9兴. The proposed
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experimental setup can be alternatively interpreted as a
“which-path” 共welcher-Weg兲 experiment on the single photon in the interferometer, as we shall discuss below.
The entanglement of two photons that have never interacted has been discussed and experimentally realized by Pan
et al. 关10兴 in a technique they call “entanglement swapping.”
The procedure requires the prior preparation of two sets of
EPR-Bohm type states of two polarization entangled photons
each. By performing a Bell state measurement involving
only one photon from each of the EPR-Bohm states, the
other two photons become entangled without interacting. In
contrast, our proposal begins with two nonentangled coherent states of possibly large average photon numbers, which
become entangled upon a single photon detection as described below. No Bell state measurement is required.
In Fig. 1 we sketch our proposed device. It consists of a
Mach-Zehnder interferometer 共MZI兲 containing in each arm
cross-Kerr media which are fed coherent states 兩␣典a and 兩␤典b,
as indicated. A single photon and the vacuum state, 兩1典c兩0典d,
is fed into the first beam splitter of the MZI, where c and d

FIG. 1. 共Color online兲 A Mach-Zehnder interferometer, injected
with a single photon in the c mode, with cross-Kerr media placed in
each arm. The Kerr media are fed coherent states 兩␣典a and 兩␤典b. D1
and D2 are the detectors at output.
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represent the modes internal to the MZI. The cross-Kerr interaction between the external a mode and the internal d
mode in the clockwise path of the MZI is given by ĤCK共ad兲
= បâ†âd̂†d̂. Similarly, the interaction in the counterclockwise arm coupling the b and c modes is given by
ĤCK共bc兲 = បb̂†b̂ĉ†ĉ. Here,  is proportional to the third order
nonlinear susceptibility, 共3兲, of the medium. The evolution
operator for the cross-Kerr interactions is then
ÛCK共a, b兲 = exp关− iaâ†âd̂†d̂兴exp关− ibb̂†b̂ĉ†ĉ兴, 共1兲
where a and b are the interaction times. The phase shift  in
the counter-clockwise beam of the MZI is generated by the
operator ÛPS共兲 = exp共iĉ†ĉ兲.
We assume that the input state to our device is given by
the product state 兩1典c兩0典d兩␣典a兩␤典b. After the first beam splitter
and the phase shift and just before the cross-Kerr interactions
the state of our system is the superposition
兩1典 = ÛPS
=

1

1

冑2 共兩1典c兩0典d + 兩0典c兩1典d兲兩␣典a兩␤典b

冑2 共e

i

兩1典c兩0典d + 兩0典c兩1典d兲兩␣典a兩␤典b .

共2兲

The cross-Kerr interactions produce the state
兩CK典 = ÛCK共a, b兲兩1典
=

1

冑2 关e

i

兩1典c兩0典d兩␣典a兩␤e−ib典b + i兩0典c兩1典d兩␣e−ia典a兩␤典b兴,
共3兲

where a,b = a,b. The second beam splitter produces the
output state
1
兩2典 = 关ei共兩1典c兩0典d + i兩0典c兩1典d兲兩␣e−ia典a兩␤典b + 共i兩0典c兩1典d
2
− 兩1典c兩0典d兲兩␣典a兩␤e−ib典b兴

共4兲

N± =

共5兲

At this point we imagine that a von Neumann state reductive
measurement is performed on the output of the second beam
splitter. If detector D1 “clicks,” but not D2, signaling the
detection of 兩1典c兩0典d, the a and b modes are projected into the
state

2共1−eia兲 −兩␤兩2共1−eib兲

e

兴其−1/2 .

共8兲

兩⌿±共, , 兲典 = N±共ei兩␣典a兩− ␤典b ± 兩− ␣典a兩␤典b兲.

共9兲

For  = 0 and with large 兩␣兩 and 兩␤兩, these states go over to
兩⌽±典 ⬅

1

冑2 共兩␣典a兩− ␤典b ± 兩− ␣典a兩␤典b兲,

共10兲

which have characteristics of Bell states 关11兴. Such states
could be used for test of local realistic theories against quantum mechanics via violations of Bell’s inequalities, using
photonic parity of the quantity to be measured 关11兴. Such
violations would serve to demonstrate the entanglement of
the coherent states. Another proposal for using entangled coherent states to violate a Bell’s inequality has been given by
Mann et al. 关12兴. Also, one might be able to use the methods
proposed by Agarwal and Biswas 关13兴 for the case of pair
coherent states.
As already mentioned, there is another way to look at the
experimental arrangement sketched in Fig. 1 and that is as a
“which-path” experiment on the photon inside the MZI. In
fact, Imoto et al. 关14兴 already many years ago considered this
point of view as an example of complementarity. It was later
studied by Sanders and Milburn 关15兴 who considered the
case of only a single cross-Kerr medium coupled to an external field mode. As is well known 关14,16兴, the cross-Kerr
media with coherent state inputs can perform a true quantum
nondemolition measurement on the photon. That is, for the
coupling between the a and d modes, with a coherent state in
the former and a single photon in the latter, i.e., 兩␣典a兩1典d,
again with the interaction governed by ĤCK共ad兲 = បâ†âd̂†d̂,
we obtain
e−iTâ

1
兩2典 = 关兩1典c兩0典d共ei兩␣典a兩␤e−ib典b − 兩␣e−ia典a兩␤典b兲
2

†âdˆ†dˆ

兩␣典a兩1典d = 兩␣e−iT典a兩1典d

共11兲

leaving the photon “undemolished” in its state 兩1典d. One
could then use homodyne techniques to detect the possible
phase shift T of the coherent state. Munro et al. 关17兴 have
recently discussed a high efficiency quantum-nondemolition
共QND兲 single-photon-number-resolving detector.
From Eq. 共5兲, the probability of measuring the photon in
the output state 兩1典c兩0典d is given by
1
P1,0共, a, b兲 ⬅ 储共ei兩␣典a兩␤e−ib典b − 兩␣e−ia典a兩␤典b兲储
4

兩⌿−共, a, b兲典 = N−共ei兩␣典a兩␤e−ib典b − 兩␣e−ia典a兩␤典b兲, 共6兲

1
2
−i
2
−i
= 兵1 − Re关eie−兩␣兩 共1−e a兲e−兩␤兩 共1−e b兲兴其.
2

whereas if 兩0典c兩1典d is detected, the projected state is
兩⌿+共, a, b兲典 = N+共ei兩␣典a兩␤e−ib典b + 兩␣e−ia典a兩␤典b兲, 共7兲
where the normalization factors are given by

冑2

兵1 ± Re关eie−兩␣兩

Thus we obtain rather general entanglements of two coherent
states in modes that have never met. In the case of sufficiently large Kerr nonlinearity such that one can have a
= b = , we obtain the maximally entangled coherent states

or, with some rearrangement,

+ i兩0典c兩1典d共ei兩␣典a兩␤e−ib典b + 兩␣e−ia典a兩␤典b兲兴.

1

共12兲
If we set, for simplicity, ␣ = ␤ and a = b = , we obtain
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1
2
P1,0共, 兲 = 共1 − e−2兩␣兩 共1−cos 兲 cos 兲.
2

共13兲

The probability of obtaining the other state 兩0典c兩1典d is obviously given by

Schrödinger cat states 关2兴, specifically the even 共⫹兲 and odd
共⫺兲 cat states, meaning that they contain only even or odd
photon number states, respectively. Thus if we perform a
parity measurement on the a mode and obtain the result
“even,” then the c-d modes are projected into the state

1
2
P0,1共, 兲 = 1 − P1,0共, 兲 = 共1 + e−2兩␣兩 共1−cos 兲 cos 兲.
2

兩⌽+典cd =

共14兲
We define the visibility V of the interference fringes according to
V=

共P1,0兲max − 共P1,0兲min
= exp关− 2兩␣兩2共1 − cos 兲兴,
共P1,0兲max + 共P1,0兲min

1
兩2典 = 关ei共兩1典c兩0典d + i兩0典c兩1典d兲兩␣e−i典a + 共i兩0典c兩1典d − 兩1典c兩0典d兲
2
⫻兩␣典a兴.

共16兲

If we set  =  we have
1
兩2典 = 关ei共兩1典c兩0典d + i兩0典c兩1典d兲兩− ␣典a + 共i兩0典c兩1典d − 兩1典c兩0典d兲
2
⫻兩␣典a兴.

共17兲

We emphasize that this is the state of our system after the
second beam splitter before the single photon reaches either
of the photodetectors. Let us assume that 兩␣兩 is large enough
such that 具−␣ 兩 ␣典 ⬇ 0. Introducing the superposition states
兩±典a = 共兩␣典a ± 兩␣典a兲 / 冑2 we can rewrite Eq. 共17兲 as
兩  2典 =

1

2 冑2

兵关共ei − 1兲兩1典c兩0典d + i共ei + 1兲兩0典c兩1典d兴兩+典a

− 关共ei + 1兲兩1典c兩0典d + i共ei − 1兲兩0典c兩1典d兴兩−典a其. 共18兲
The states 兩±典a are particular forms of the so-called

冑2 关共e

i

− 1兲兩1典c兩0典d + i共ei + 1兲兩0典c兩1典d兴, 共19兲

which constitutes a revival of the single-photon interference
fringes. The parity measurement erases the “which-path” information and thus we have another example of a quantum
eraser 关19兴. On the other hand, if “odd” parity is detected we
project out

共15兲
from which it is clear that the fringes disappear for large 兩␣兩
and for  ⫽ 0. Note that the interference fringes are extinguished even though we have not invoked a homodyne measurement on either of the external coherent state beams in
order to determine the photon path. The mere potential of
obtaining “which-path” information is enough to destroy
quantum coherence. Scully, Englert, and Walther 关18兴 considered a which-path experiment involving the Young-type
interference of 共two-level兲 atoms that have interacted with a
cavity supporting a single-mode resonant field. They showed
that a photon emitted by an atom passing through the cavity
is enough to destroy the atomic beam interference even if the
photon is not detected.
In the preceding we have assumed coherent states of identical amplitude in two external modes a and b. But if the
field in the b mode is in a vacuum state, the output state of
the second beam splitter would be

1

兩⌽−典cd =

1

冑2 关共e

i

+ 1兲兩1典c兩0典d + i共ei − 1兲兩0典c兩1典d兴, 共20兲

which also results in interference fringes 共the “antifringes”兲,
but shifted relative to those obtained from the state of Eq.
共19兲. Of course, to make this work one must find an efficient
way of measuring the parity of a traveling wave field. In
principle one could simply count photons using, say, avalanche detectors and take note of the evenness or oddness of
the counts, though presently this is a challenge as avalanche
detection is not yet generally able to resolve photon counts at
the level of a single photon. On the other hand, one could use
the QND approach 关14,16,17兴 to photon number counting.
But instead, one could perform a QND measurement of parity as recently discussed 关20兴 and thus avoid photon counting
altogether. Parity measurements on a single-mode cavity
field have previously been shown to implement a quantum
erasure scheme in the context of a variant of the Scully et al.
关18兴 proposal wherein the atoms act dispersively with a cavity field prepared in a coherent state 关21兴. In that case, the
field parity can be detected by a properly velocity selected
atom followed by selective field ionization.
Finally, the key for implementing the above proposals,
including the quantum nondemolition measurement of parity
关20兴, is the requirement of large nonlinear susceptibility 共3兲.
Such do not exist in readily available materials 关22兴. However, there has been progress in achieving enhanced nonlinearities through the process of electromagnetically induced
transparency 关17,23兴, and it seems likely that such will be
available in the foreseeable future.
In summary, we discussed a method by which coherent
states in modes that never meet can become entangled. Our
proposed method can be alternatively interpreted as a
“which-path” experiment for a single photon inside a MachZehnder interferometer. Finally, we showed how a quantum
eraser can be implemented by performing parity measurements on a traveling wave field.
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